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3Abstract
Theoretical arguments and cosmological observations suggest that Einstein’s the-
ory of general relativity needs to be modified at high energies. One of the best
motivated higher-curvature extensions of general relativity is Einstein-scalar-Gauss-
Bonnet gravity, in which a scalar field is coupled to quadratic curvature invariants.
This theory is inspired by an effective string-theory model and its predictions dra-
matically differ from Einstein’s theory in high-curvature regions – such as the in-
terior of black holes and the early universe – where it aims at resolving curvature
singularities.
In this work we derive cosmological solutions in Einstein-scalar-Gauss-Bonnet grav-
ity for quadratic and for exponential coupling functions, and for any spatial curva-
ture. We discuss already known solutions and find new nonsingular, inflationary,
and bouncing solutions. We study the linear stability of these solutions and the
absence of ghosts, finding that all the aforementioned solutions are unstable against
tensor perturbations. We then introduce a simple, quadratic potential for the scalar
field. In some cases the presence of a mass term cures the tensor instability. The
proposed model is therefore a viable and attractive candidate to inflation, in which
the scalar field is naturally provided by the gravitational sector.
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9Relevant Physical Constants
and Conventions
Newton constant G = 6.674× 10−11 N ·m2 · kg−2
Speed of light c = 2.99792458× 108 m · s−1
Reduced Planck constant 6.58211928(15)× 1016 eV · s
Planck mass 1.220910× 1019 GeV/c2
Planck time 5.39116(13)× 10−44 s
Throughout this work we use units such that:
κ = 1
M2Pl
= 8piG ≡ 1. (0.1)
We call them reduced Planck units, as MPl is the reduced Planck mass. We use
mostly positive metric signature (−,+,+,+) and Misner, Thorn and Wheeler’s [14]
sign convention for the Riemann tensor. Commas denote partial derivatives, e.g.
(),µ = ∂∂xµ , while semicolons ();µand nablas ∇µ denote covariant derivatives.
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Introduction
The beauty of Einstein’s theory lies in its simplicity. Despite, or thanks to, this sim-
plicity, General Relativity has been remarkably successful as a classical theory of
gravitational interactions from scales of millimetres through to kiloparsecs. A major
prediction of this hundred-year-old theory, the existence of gravitational waves, has
been recently confirmed by the detections of the LIGO experiment [1, 2]. On the
whole, for General Relativity, internal consistency and theoretical elegance stand
side by side with continuing experimental confirmation (see [3–5] for a review of the
status of experimental tests). It takes a closer look to unveil imperfections in this
seemingly flawless theory.
From the theoretical point of view, one may quote, for instance, the non renormal-
izability of the theory, as stated in [6] (though an ultimate proof of non renormaliz-
ability is still missing to this date). This feature makes General Relativity a purely
classical theory, which cannot undergo the quantum limit without modification.
Despite the effort made by the scientific community to find this modification or
completion, which goes under the name of Quantum Gravity, none of the proposed
theories is entitled to lay claim to the crown.
Another theoretical issue of the General theory of Relativity is the rather generic
prediction of singularities, stated by the Hawking-Penrose singularity theorems [20].
A good physical principle seems to be that the prediction of a singularity by a the-
ory indicates the breaking down of the theory itself. In fact, at the singularity, the
theoretical model fails in providing a description of reality.
On the observational side, mysterious dark energy and dark matter are presently
required to interpret astrophysical and cosmological measurements. The introduc-
tion of such unknown physical entities poses several conundrums and conceptual
issues.
To be more precise, not one of the imperfections we enumerated can be considered
as a true failure: no experimental data capable of disproving Einstein’s theory has
been collected so far. Taken individually, each of these issues may be resolved,
more or less satisfactorily, within the standard framework. Looking at the bigger
picture, though, single issues add up to make a clearly audible cracking sound: a
step forward, something new, seems to be required to improve our description of
the Universe at all scales.
Provided they pass known tests and they are consistent with General Relativity,
modified theories of gravity [7] could shed light on some or all of the mentioned
issues. This is the reason why the present work has been devoted to the study of
an alternative theory of gravity: scalar-Gauss-Bonnet theory [34, 50]. The theory
is studied in relation to a stage and physical setting where General Relativity still
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lacks experimental tests, showing theoretical fragility at the same time: early-time
cosmology and the initial singularity.
The study is partly motivated by the link between scalar-Gauss-Bonnet theory and
a Quantum Gravity candidate: string theory. String theory is today one of the best
proposals for both a quantum theory of gravity and a unified theory of all known
interactions. However, string theory is not at all primed or at least hinted at by
experimental data: there is no direct experimental evidence for it. Therefore, each
and every attempt to provide a testable prediction to the theory, like studying the
implications of Gauss-Bonnet gravity, deserves to be carefully carried out.
Gauss-Bonnet gravity, whether we consider it as a complete, classical theory with
its own right to be, or a low energy prediction of string theory, is an alternative to
Einstein’s gravity. The theory involves the Gauss-Bonnet invariant and introduces
a scalar field, coupled non-minimally to gravity through a generic coupling function
and the Gauss-Bonnet term itself. Some of its features make scalar-Gauss-Bonnet
shine among the plethora of modified-gravity models:
1. it is consistent with known tests and at the same time,
2. it gives the opportunity to put to test the quantum gravity proposal of string
theory;
3. it preserves Einstein’s theory simplicity and spirit, through a (non minimal)
coupling between matter, i.e. the scalar field, and curvature;
4. it introduces a minimal number of extra degrees of freedom (one, a scalar
field) needed to construct new physics in the gravitational sector.
Property number 4 refers to the fact that, under some basic assumptions, Einstein’s
is the one and only theory describing an interacting, Lorentz-invariant, massless
helicity-2 particle (Lovelock theorem, [8]): gravity as we know it. Adding a field is
one way to circumvent the Lovelock theorem, and the choice of a scalar field is very
common in modified-gravity.
When, to this list of good properties, one adds the existence, in GB gravity, of
singularity-free solutions, one really get the feeling that the theory is a promising
candidate. Such solutions, besides solving one of the long-standing problems of our
theory of gravity, could allow us to describe the early Universe up to very high en-
ergy scales. They even open up the possibility that the gravitational sector, in our
Universe, remained completely classical at early times. However, all non singular
solutions found in GB gravity are plagued with some pathology, i.e. ghosts or insta-
bilities. Unhealthy behaviour of singularity-free solutions is shared by many other
modified-gravity theories, such as Eddington inspired Born-Infeld gravity [9, 10] (see
[11] for a review of non singular theories and their pathologies). Notwithstanding,
chances are still that non singular solutions without pathologies can be obtained in
GB gravity. Our work aims to better understand both singularity-free solutions and
their instabilities, as well as the other equally important aspects of GB cosmology
at early times. Our three key themes are:
• the existence of non singular cosmological solutions;
• the stability of cosmological solutions;
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• the structure and phenomenology of cosmological solutions with an inflation-
ary stage.
With the intent of providing a comprehensive background to our study, in Chapter 1
we briefly review the physical principles of cosmology in general, and of scalar field
cosmology, perturbation theory and the inflationary paradigm in particular. For
the same purpose, Chapter 2 is devoted to defining singularities as mathematical
and physical objects. The latter Chapter also gives some hints on how singularities
can be avoided in General Relativity and modified theories of gravity, introducing
the reader to the core question of our work. The theory under study, Gauss-Bonnet
gravity, is presented in some detail in Chapter 3, with a particular focus on its
early time properties. In this Chapter the reader may find the modified Friedmann
equations, and the definition of the quantities which determine the solutions’ sta-
bility. Known and new cosmological solutions are numerically found and described
in Chapter 4 and Chapter 5 for the two choices of coupling functions, quadratic
and exponential respectively. The stability of the solutions is addressed in these
Chapters as well. Furthermore, in Chapter 4 we discuss the recently proposed pure
Gauss-Bonnet approximation [54, 56] and compare it to our findings. A further
development is made in Chapter 6, where a potential is added to theory in its sim-
plest form. The potential allows us to study inflationary solutions, along with their
stability and phenomenological implications. Finally, in the Conclusion, we discuss
and interpret our main results. Not only we give our interpretation of our orig-
inal results, and also suggest how the understanding of Gauss-Bonnet early-time
cosmology could be expanded.

15
Chapter 1
Standard Cosmology
The aim of this Chapter is to introduce the first principles of standard and infla-
tionary cosmology. First, we briefly recall the principles of General Relativity, as-
suming the reader to be familiar with it. Then, after a concise review of Friedmann-
Robertson-Walker (FRW) metric, we describe cosmological evolution driven by a
perfect fluid and by a simple free scalar field. We briefly introduce cosmological
perturbation theory, discuss the short-comings of the conventional Big Bang theory
and their resolution due to the inflationary paradigm. We will naturally focus on
elements relevant for our main theme, i.e. early universe cosmology. This material
is part of any cosmology textbook: our references are [22–24, 26, 27].
1.1 Einstein field equations
In General Relativity (GR), the dynamics of the metric tensor is determined by
Einstein equations:
Gµν = κTµν + Λgµν , (1.1)
where κ = 8piG and G = 6.674 × 10âĹŠ11N m2/kg2 is Newton’s constant. Gµν is
the usual Einstein tensor:
Gµν ≡ Rµν − 12gµνR, (1.2)
with Rµν and R defined in terms of the metric:
R ≡ gµνRµν , Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα,
Γαµν =
1
2g
αλ(gµλ,ν + gλν,µ − gµν,λ).
(1.3)
For the sake of completeness we have considered a cosmological constant Λ, which is
necessary in the Concordance Cosmological Model to account for present observed
accelerated expansion (see for example PLANCK latest results [12]). From now on
we will switch to reduced Planck units.
Eq.s (1.1) are obtained, through the variational principle δSδgµν = 0, from Einstein-
Hilbert action:
SE−H =
∫
d4x
√−g( 12κR+ Λ) + Smatter. (1.4)
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1.2 Cosmological Principle and FRW metric
Cosmology describes the structure and evolution of the universe on the largest
scales. Here we can apply the Cosmological Principle, i.e. the hypothesis that the
Universe is spatially homogeneous (same at every point) and isotropic (same in
every direction). It is then possible to choose coordinates {t, r, ϕθ} for which the
metric takes the form:
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2dΩ2
]
, dΩ2 = dθ2 + sin2(θ)dϕ2. (1.5)
Here the scale factor a(t), an unknown function, characterizes the relative size of
space-like hyper-surfaces Σ at different times. The evolution of FRW Universe is
completely described by the one function a(t) of the cosmic time. The curvature
parameter k is a constant, which for a suitable choice of units for r can be chosen to
have value +1, for positively curved Σ, −1, for negatively curved Σ, or 0, for flat Σ.
This metric ansatz uses comoving coordinates: free falling bodies, such as galaxies
without forces acting on them, keep fixed coordinates r, θ, ϕ. The corresponding
physical distance is generally time dependent and given by R(t) = a(t)r.
By a coordinate transformation the metric (1.5) may be written as:
ds2 = −dt2 + a(t)2
[
dχ2 + Φk(χ)2dΩ2
]
, (1.6)
where
r2 = Φ ≡

sinh2 χ k = −1
χ2 k = 0
sin2 χ k = +1
(1.7)
The rate of expansion of the Universe is given by the Hubble parameter :
H(t) = a˙
a
. (1.8)
which has unit of inverse time and is positive for an expanding universe (and negative
for a collapsing one). It sets the fundamental scale of the FRW space-time: the
characteristic time-scale of the homogeneous universe is the Hubble time, tH ∼ H−1,
and the characteristic length-scale is the Hubble length, dH ∼ H (in our units). The
Hubble time sets the scale for the age of the universe. The Hubble length sets the
size of the observable universe and is also called Hubble horizon, as it provides an
estimate of the distance light can travel while the Universe expands appreciably.
For later use, we also define the comoving horizon as the comoving distance travelled
by light from initial time:
d(t) = a(t)
∫ t
0
dt′
1
a(t′) = a(t)
∫ a
0
d ln a 1
aH
. (1.9)
Since we will later use it, we introduce here a different coordinate system, defining
the conformal time:
dτ = dt
a(t) , ⇒ τ =
∫
dt
a(t) . (1.10)
In the new reference frame, the FRW line element reads:
ds2 = a(τ)
[
dτ2 + dχ2 + Φk(χ)2dΩ2
]
. (1.11)
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1.3 Cosmology with a perfect fluid
The source of a homogeneous and isotropic Universe, the energy-momentum tensor
Tµν appearing in Eq.s (1.1), must satisfy the Cosmological principle, too. To be
consistent with the symmetries of the metric, the stress-energy tensor must be
diagonal and spatial components must be equal. This result can be elegantly written
as:
Tµν = (ρ(t) + p(t))uµuν + p(t)gµν , (1.12)
where uµ is a time-like four-velocity. This means that, under the homogeneity and
isotropy assumptions, the energy-momentum tensor of the Universe takes the same
form as for a perfect fluid. However, also an imperfect fluid with bulk viscosity
would satisfy the symmetry requirements. In a frame comoving with the fluid we
may choose uµ = (1, 0, 0, 0) and obtain
Tµν =

−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p
 , (1.13)
The Einstein Equations take the form of two coupled, non-linear ordinary differential
equations, also called the Friedmann Equations:
H2 ≡
(
a˙
a
)
= 13ρ+
k
a2
, (1.14)
and
H2 + H˙ ≡ a¨
a
= −16(ρ+ 3p). (1.15)
First of all, we notice that if the Universe is filled with ordinary matter, i.e. matter
satisfying the strong energy condition: ρ + 3p > 0 of Theorem 2.2.1, Eqn. 1.15
implies a¨ < 0. This, for an expanding universe (i.e. a˙ > 0), indicates the existence
of a singularity in the finite past: a(t0) = 0. This is the anticipated break-down of
GR in the early Universe, motivating this thesis.
Note that Friedmann equation (1.14) can be written as
Ω− 1 = k
H2a2
, (1.16)
having defined the critical density ρc = 3H02 and the ratio:
Ω = ρ
ρc
. (1.17)
Then there is a correspondence between the sign of k, the spatial curvature, and
the sign of Ω− 1:
k = +1 ⇒ Ω > 1 closed,
k = 0 ⇒ Ω = 1 flat,
k = −1 ⇒ Ω < 1 open.
(1.18)
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We define the equation of state parameter w, and assume it is independent of time:
w = p
ρ
. (1.19)
Finally, the fluid must satisfy a continuity equation, given by a suitable combina-
tion of Einstein equations or as a component of the “conservation" of the energy-
momentum tensor Tµν;ν = 0:
ρ˙+ 3H(ρ+ p) = 0. (1.20)
Friedmann equations (1.14) (1.15), the equation of state (1.19), and the continuity
equation (1.20) completely determine the cosmological dynamics.
The continuity equation can be re-written and integrated:
d ln ρ
d ln a = −3(1 + w), ⇒ ρ ∝ a
−3(1+w). (1.21)
Together with the Friedmann equation (1.14) this leads to the time evolution of the
scale factor:
a(t) ∝
t
2
3(1 + w) w 6= −1,
eHt w = −1.
(1.22)
In Table 1.1 we explicitly see the evolution of the Universe for different matter
contents and a flat background (k = 0).
Content w ρ(a) a(t) ti
MD 0 a−3 t2/3 0
RD 1/3 a−4 t1/2 0
Λ -1 const eHt −∞
Table 1.1. FRW solutions for a flat universe dominated by radiation (RD), matter (MD)
or a cosmological constant (Λ).
Again we stress that ordinary matter leads to a cosmological initial singularity,
i.e. a→ 0.
1.4 Cosmology with a scalar field
We write Friedmann equations in presence of a free, massless scalar field minimally
coupled to gravity (see action in Section 3.1 with f(φ) = 0). We neglect the cosmo-
logical constant term:
S = SE−H +
∫
d4x
√−g(−12∂µφ∂
µφ− V (φ)). (1.23)
The scalar field equation is:
1√−g∂µ
(√−g∂µφ) = V ′(φ), (1.24)
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A free, massless scalar field has V = 0.The dynamics of a FRW metric with generic
curvature k, together with that of the scalar field, is give by the system:
φ¨+ 3Hφ = 0,
3k
a2
+ 3H2 − φ˙
2
2 = 0,
k
a2
+ 3H2 + 2H˙ + φ˙
2
2 = 0.
(1.25)
1.4.1 Constant scalar field: vacuum cosmology
We first assume that the scalar field takes a constant value, φ(t) = const, φ˙ = 0.
This configuration is equivalent to consider an empty Universe, as Eq.s (1.25) reduce
to the vacuum Freidmann equations:{
(3k + a˙2)/a2 = 0,
(k + a˙2 + 2aa¨)/a2 = 0.
(1.26)
From the first equation we see that a˙2 = −3k. Depending on the value of the spatial
curvature we find different solutions:
- k = 0: with a˙ = 0 both equations are satisfied, so a(t) = a0, and we have a
static universe with arbitrary radius;
- k = 1: the only possible solution is a static universe with infinite radius, so
that 1
a2
= 0;
- k = −1: in this case a˙ = ±√3, so
a(t) = ±√3t+ a0, H(t) =
√
3√
3t∓ a0
. (1.27)
or simply a ∼ t. This is the most interesting case: we have a linearly ex-
panding universe, and the expansion rate is larger than in radiation or matter
dominated eras of standard cosmology. Clearly, a singularity is present at
some initial time.
1.4.2 Dynamical scalar field on flat FRW
Next we let the scalar field evolve with time (φ˙ 6= 0) and again separately study the
three cases.
We start with a flat background, k = 0. In this case one can find the analytic
solution:
a(t) = ±31/3(c t+ a0)1/3; φ(t) = φ0 ±
√
2
3 ln(c t+ a0); H(t) =
c
3(c t+ a0)
;
(1.28)
where c, a0, φ0 are integration constants.
This solution corresponds to an expanding universe with a singularity at a finite
cosmological time, and is displayed in Figures 1.1a, 1.1b, 1.1c. Both the scale factor
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and the scalar field exhibit an initial singularity. The expansion rate is smaller than
the one in the two epochs of standard cosmology. This can be explained by the
presence of the scalar field as a source in Einstein equations: we can deduce that
the slowing power of the scalar field is more effective than that of a perfect fluid.
(a) Scale factor as a function of time. (b) Scalar field as a function of time.
(c) Hubble parameter as a function of time.
Figure 1.1. GR solution for a flat universe with an evolving scalar field. We choose a0 = 0,
c = 1, φ0 = 0.
1.4.3 Dynamical scalar field on curved FRW
Here we move on to the curved case, k 6= 0. The equations cannot be solved
analytically, but we can study the asymptotic behaviour of the solution near the
singularity. Following Kanti et al. in [51], we introduce the new variables:
x = φ˙, y = 1
a2
> 0. (1.29)
The second equation in (1.25) can be solved for x, giving:
x = s
√
6 (ky +H2), (1.30)
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where s = ±1. The remaining equations become:
H˙ = dH
dφ
x = −3H2 − 2ky,
y˙ = dy
dφ
x = −2yH.
(1.31)
The system above may be reduced to a single equation:
H˙ = dH
dy
y˙ = dH
dy
(−2yH) = −3H2 − 2ky ⇒ 2ydH − 3Hdy = 2ky
H
dy. (1.32)
If we multiply both sides of the last expression by H
y4
, we get, integrating once:
d
(
H2
y3
)
= −k d
( 1
y2
)
⇒ H2 + ky = c1y3, (1.33)
with c1 being a positive integration constant, because we have integrated positive
quantities. We obtainH (choosingH > 0) from the above expression and substitute
it in the differential equation for y (1.31):
y˙ = dy
dφ
s
√
6 (c1y3) = −2y
√
y (c1y2 − k). (1.34)
We can solve the equation obtained and find y as a function of the scalar field:
y(φ) = kc1e
s
√
2
3 s φ + c22e−
√
2
3 s φ
2c1c2
. (1.35)
From this solution it is evident that there is an invariance under the interchange of
the signs of s and φ. Then we can keep the sign of s = 1 fixed while allowing φ to
take both signs.
We focus now on the singularity region. A cosmological singularity occurs when
a(t)→ 0, which means y → +∞. From expression (1.35) we conclude that:
- for k = 1, y goes to infinity when φ→ ±∞;
- for k = −1, the singularity arises only when φ→ −∞, because of the condition
y > 0 (1.29).
Near the singularity we can then evaluate the approximate behaviour:
y ' c22c1 e
−
√
2
3φ for φ→ −∞ and k = ±1;
y ' k2c2 e
√
2
3φ for φ→∞ and k = +1.
(1.36)
From expression (1.33) we could also derive the corresponding behaviour for H.
Finally we use the differential equation for the scalar field (1.30) to deduce its
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dependence on time near the singularity, put it into the expression of y and obtain
the behaviour of the scale factor in the same region:
a(t) ' (c′ + 3√ct)1/3 for k = ±1;
a(t) ' (c′ − 3√ct)1/3 for k = +1.
(1.37)
The expressions above describe the asymptotic behaviour of a Universe with a sin-
gularity at finite time. Both branches are displayed in Figure 1.2. The closed
Universe (k = 1) posses two branches of singular solutions, while for the open
Universe (k = −1) there is only one branch, as in the flat case (k = 0).
Figure 1.2. Asymptotic behaviour of the scale factor near the singularity for k = ±, in
GR, with an evolving scalar field. We choose c = 1, c′ = 0 so that singularity occurs at
t = 0.
1.5 Cosmological perturbation theory
In this Section we treat the general relativistic theory of linear perturbations. The
use of linear perturbation theory is justified by the smallness of fluctuations we want
to apply our results to, such as the inhomogeneities of the CMB (at the ∼ 10−5
level) [12].
In order to perform a perturbative expansion, all the quantities X(t, ~x) involved
(the metric, matter fields, etc.) are split into a homogeneous background and a
spatially dependent perturbation:
X(t, ~x) = X¯(t) + δX(t, ~x), X = φ, gµν , ρ, etc., (1.38)
where barred quantities are always the unperturbed ones. Assuming |δX(t, ~x)| 
|X(t, ~x)|, we can expand Einstein equations at linear order and obtain:
δGµν = δTµν, (1.39)
the first order perturbation equations (in our Planckian units). In the study of
perturbations we will always refer to a spatially flat FRW background.
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1.5.1 Gauge choice
The first fundamental problem we face in cosmological perturbation theory is the
choice of a gauge. The theory is diffeomorphism invariant, but the split between
background and perturbations is not unique and depends on the choice of coordi-
nates, i.e. the gauge choice. While in FRW space-time it was easy to identify the
comoving frame as the privileged one, because the Universe looked homogeneous
and isotropic in it, an inhomogeneous space-time has often not a preferred coordi-
nate choice. The gauge freedom can lead to ambiguous results: on the one hand, a
suitable coordinate choice can introduce fictitious, non physical perturbations even
in FRW space-time; on the other hand, carefully chosen coordinates can remove a
real perturbation from an inhomogeneous Universe.
In order to solve the ambiguity between real and fake perturbations we will intro-
duce gauge-invariant quantities, i.e. quantities that do not depend on the coordinate
choice. Gauge-invariant perturbations, then, will be real and physical. Since the
perturbation equations are covariant, it is always possible to express them in terms
of gauge invariant variables [25]. An alternative solution to the gauge problem is to
fix the gauge, but we will not treat gauge-fixing here.
We consider infinitesimal transformations which leave the background metric in-
variant, i.e. which deviate only in first order from identity. The infinitesimal dif-
feomorphism can be represented as (being the diffeormophism group a Lie group):
xµ
′ → xµ + µ. (1.40)
The group generators are Lie derivatives in the direction defined by the vector hµ:
L = µ
∂
∂xµ
. (1.41)
The generic quantity X transforms as:
X → α(X) with α = I+ L, (1.42)
and is said to be gauge-invariant if α(X) = X.
1.5.2 SVT decompositions
Thanks to the great deal of symmetry possessed by the spatially flat, homogeneous
and isotropic background, a decomposition of the metric and the stress-energy per-
turbations into independent scalar (S), vector (V) and tensor (T) components is
allowed. In order to define this decomposition, we go to the Fourier space:
X~k(t) =
∫
d3xei
~k·~xX(t, ~x). (1.43)
The linearly perturbed equations are translation invariant, thus each Fourier mode
is independent and can be studied separately. Scalar, vector and tensor components
are distinguished by their helicity. A component has helicity e if, under a rotation
of an angle ψ, transforms as:
X~k → eieψ X~k. (1.44)
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Scalar, vector and tensor perturbations have helicity 0, ±1 and ±2, respectively.
In real space (as opposed to Fourier space), SVT components are defined by their
transformations on spatial hypersurfaces.
The advantage of this decompositions is that, at the linear order, each type of
perturbation evolve independently and can be studied separately.
1.5.3 Perturbed metric and matter
We define the perturbations of the scalar field and the metric field around FRW
background through the following expressions:
φ(t, ~x) = φ¯(t) + δφ(t, ~x), gµν(t, ~x) = g¯µν(t) + δgµν(t, ~x). (1.45)
We choose to parametrize metric perturbations as:
ds2 = −(1 + 2Φ)dt2 + 2aBidtdxi + a2[(1− 2Ψ)δij + Eij ]dxidxj , (1.46)
where Φ, Bi, Ψ, Eij are functions of space and time. We also define the SVT
components in real space:
Bi = ∂iB + Si, with ∂iSi = 0;
Eij = 2∂(i∂j)E + 2∂(iFj) + hij .
(1.47)
Is easy to understand how to perform the SVT decomposition of a three-vector: we
can split any three-vector into the gradient of a scalar and a divergenceless vector.
A similar procedure is applied to the 3-tensor, with ∂(iFj) = 1/2 (∂iFj + ∂jFi) ,Fi
divergenceless, hij divergenceless and traceless. The ten degrees of freedom of the
metric have thus been divided between 4 scalars, 2 vectors and 1 tensor.
Inflation does not produce vector perturbations (Fi, Si) and even if they were pro-
duced, they would be damped away by the expansion of the Universe. For this
reason we choose to ignore vector perturbations and focus on scalar and tensor per-
turbations, which can be observed in the present Universe as density fluctuations
and gravitational waves respectively.
Under the gauge transformation defined in (1.42), tensor fluctuations are invariant,
while scalar perturbations transform.
We also define the small perturbations of the stress-energy tensor:
Tµν (t, ~x) = T¯µν (t) + δTµν (t, ~x). (1.48)
The SVT decomposition reads:
T 00 = − (ρ¯+ δρ) ,
T 0i = (ρ¯+ p¯) a vi,
T i0 = − (ρ¯+ p¯)
(
vi −Bi
)
,
T ij = δij (p¯+ δp) + Σij .
(1.49)
The perturbed stress-energy tensor acquires a momentum density (δq)i = (ρ¯+ p¯) vi
and an anisotropic stress Σij , which is gauge invariant. The three-momentum density
can be further decomposed in its scalar and vector part: (δq)i = ∂iδq + (δq)′i.
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1.5.4 Gauge invariant perturbation theory
We are finally ready to introduce the gauge invariant variables (Bardeen vari-
ables). For example, we define the Bardeen potential ΨB:
ΨB = Ψ + a2H
(
E˙ −B/a
)
. (1.50)
An important gauge-invariant scalar quantity is the curvature perturbation on uniform-
density hypersurfaces, ζ:
− ζ = Ψ− H˙¯ρ δρ. (1.51)
The quantity defined above measures the spatial curvature R(3) of constant-density
hypersurfaces. Here we also define adiabatic matter perturbations, which have the
property that the local state of matter at some space-time point (t, ~x) of the per-
turbed universe is the same as in the background universe at some slightly different
time t′(~x) = t+ δt(~x). The perturbed Einstein equations tell us that the variable ζ
remains constant outside the horizon (k  aH) for adiabatic matter perturbations.
Another important gauge-invariant scalar is the comoving curvature perturbation,
R:
R = Ψ− H
ρ¯+ p¯ δq. (1.52)
The quantity R is related to the intrinsic curvature of three-surfaces of constant
time, i.e. comoving hypersurfaces. From the perturbation equation (not reported
here) one can deduce that R, too, is conserved outside the horizon for adiabatic
matter perturbations.
Tensor perturbations, i.e. gravitational waves, are described by the two polarization
modes h = h+, h× of the already gauge-invariant quantity hij . The first-order
Einstein equations for tensor perturbations in the Fourier space (h = h(t,~k)) read:
h¨+ 3Hh˙+ k
2
a2
h = 0. (1.53)
The linearized Einstein equations also relate ζ, R and ΨB as follows:
− ζ = R+
(
k
aH
)2 2ρ¯
3(ρ¯+ p¯)ΨB. (1.54)
From the equation above we infer that ζ and R are approximately equal ζ ≈ R on
super-horizon scales (k  aH).
1.5.5 Statistics
The fundamental statistical quantity to characterize perturbations are the power
spectral density P (k) and the power spectrum ∆(k), which, if the fluctuations are
Gaussian, contain all the statistical information. For example, the power spectrum
of the comoving curvature perturbation is defined as:
〈R~kR~k′〉 = (2pi)3δ(~k + ~k′)PR(k), ∆2R(k) =
k3
2pi2PR(k). (1.55)
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We can also define the scale-dependence of the power spectrum, the scalar spectral
index (or tilt):
ns − 1 = d ln ∆
2
s(k)
d ln k . (1.56)
The power spectrum will be scale-invariant if ns = 1. The power spectrum of a
single polarization mode of tensor perturbations is:
〈h~kh~k′〉 = (2pi)3δ(~k + ~k′)Ph(k), ∆2h(k) =
k3
2pi2Ph(k), (1.57)
while we can define the power spectrum of tensor perturbations as the sum of the
power spectra for the two polarizations:
∆2T = 2∆2h. (1.58)
The spectral index is traditionally defined as:
nT =
d ln ∆2T (k)
d ln k . (1.59)
We also define the tensor-to-scalar ratio as:
r = ∆
2
T (k)
∆2s(k)
(1.60)
1.6 Inflation
Inflation is now a well established paradigm of a consistent cosmology. Although as
a basic mechanism it has been studied in the context of a wide variety of models,
none of them has come to stand out and it is therefore interesting to consider
the possibility of achieving an observationally supported inflationary model in low-
energy string effective actions such as the one we are considering in this work. In
the present Section we briefly outline the reasons that made this paradigm stand
out and its basic principles.
1.6.1 Short-comings of Standard Cosmology
The general purpose of physics is to predict the future evolution of a system given a
set of initial conditions. It would seem therefore rather unfair to ask our cosmolog-
ical model to explain the initial conditions of the Universe. On the other hand, it
would be very disappointing if only very special and finely-tuned initial conditions
would lead to the universe as we see it.
In this section we will explain that many properties of th standard model of cos-
mology can be traced back to an awkwardly fine-tuned set of initial conditions. We
should stress, then, that what we are going to enumerate are not strict inconsis-
tencies of the model. Rather, everything can be solved simply assuming peculiar
conditions. This point was made specific by Collins and Hawking[28], who showed
that the set of initial data that evolve to a Universe qualitatively similar to ours is
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of measure zero1. The reason why the inflationary paradigm is so successful is that
it solves the initial condition problem dynamically: via inflation, the Universe can
grow as we know it out of generic initial conditions.
Here we provide a list of the shortcomings of the standard scenario:
• The homogeneous and isotropic FRW space-time is very good in describing
the Universe within our Hubble volume, but is also a very special solution of
Einstein equations. On the one hand we have the CMB (Cosmic Microwave
Background), proving the smoothness of the Universe to about one part in
∼ 105 [12]. On the other hand, for the Universe to be so smooth at the
time when the CMB was emitted, inhomogeneities had to be much smaller
at earlier times. But back then particle horizons were even smaller and the
Universe, according to standard evolution, was mostly causally disconnected.
There is therefore no hope to find a physical explanation for why causally-
separated patches should be so smooth: the high degree of homogeneity has
to be assumed as an initial condition. This problem is often referred to as the
homogeneity or horizon problem.
Figure 1.3. Temperature fluctuations in the CMB radiation, proving that the early uni-
verse wasn’t perfectly homogeneous. Image from [23].
• Inhomogeneities are negligible on the large scale, but are present on then
smaller scales: around the Universe we can see a plethora of small scale struc-
tures. Primordial inhomogeneities need to be assumed to account for the
structure formation, from which we can approximately infer their ampli-
tude. But, again, particle horizons in the early epoch preclude the production
of perturbations on the scale of interest. Primordial fluctuations need as well
to be assumed as initial conditions, rather than being produced by a physical
process.
• Th observed Universe is consistent with Ω0 = 1, or k = 0. This value, hinting
at a perfectly flat Universe, is an unstable fixed point; therefore, in standard
Big Bang cosmology without inflation, the near-flatness observed today re-
1They show that the set of spatially homogeneous models which approach isotrpy at infinite
times is of measure zero in the space of all spatially homogeneous models. This means that the
FRW model is unstable to homogeneous and anisotropic perturbations.
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quires again an extreme fine-tuning of Ω close to 1 in the early universe.
To the ones listed above, one could add the entropy problem, the unwanted relics
problem, and the cosmological constant problem, which we will not describe in
detail.
1.6.2 Basic principles of inflation
The basic idea of inflation is that the Universe in an early epoch underwent an
accelerated expansion driven by the dominant contribution of a vacuum energy.
Many of the shortcomings discussed in the previous Section are related to the fact
that the comoving horizon is smaller in the early epoch, provided that we apply the
radiation (or ordinary matter) dominated evolution up to early times. The horizon
problem would not show if the Universe evolved differently back then, i.e. if the
comoving horizon were bigger, in the early eras, than it is expected according to
standard evolution, because physical processes could account for homogeneity as
well as flatness and primordial fluctuations. This can be stated, referring to the
definition of the comoving horizon (1.9), as the requirement:
d
dt
( 1
aH
)
< 0. (1.61)
It easy to show that the requirement above (the requirement of decreasing horizon)
implies accelerated expansion:
d
dt
( 1
aH
)
= − a¨(aH)2 ⇒ a¨ > 0. (1.62)
A particular, accelerating solution of Friedmann equations is de Sitter space-time
(see third line in table ??), where H =const and a¨ = H2a.
We can also define the inflationary parameter H = − H˙
H2
, with which the condition
for inflation becomes:
a¨
a
= H2 + H˙ = H2(1− H) > 0 ⇒ H < 1. (1.63)
However, the second Friedmann equation (1.15) indicates that accelerated expansion
implies violation of the Strong Energy condition, i.e. ρ + 3p < 0 or w < −1/3.
Ordinary matter cannot accaunt for inflation: we need to introduce the inflaton.
1.6.3 The inflaton
The simplest models of inflation involve a single, canonical scalar field φ, the infla-
ton, minimally coupled with Einstein’s gravity and self-coupled through a potential,
V (φ). Its dynamics is thus governed by the action (1.23) and equation (1.24). On
FRW background, the energy-momentum tensor of the inflaton assumes the form
of a perfect fluid with:
ρφ =
1
2 φ˙
2 + V,
pφ =
1
2 φ˙
2 − V,
(1.64)
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and then
wφ =
1
2 φ˙
2 − V
1
2 φ˙
2 + V
. (1.65)
We clearly see that when the dynamics of the scalar field is characterized by potential
energy dominating over kinetic energy, the inflaton can account for negative pressure
and accelerated expansion. For the sake of simplicity we focus on the flat case, and
we will do so in all the Sections to come. The system of equations governing the
dynamics reads, for k = 0: 
φ¨+ 3Hφ˙+ V ′ = 0,
H2 = 13
(1
2 φ˙
2 + V
)
,
3H2 + 2H˙ + φ˙
2
2 = 0.
(1.66)
The term 3Hφ˙ acts as a friction on the evolution of the inflaton, and is much bigger
when the potential takes on large values (see the second equation in (1.66)).
1.6.4 Slow-roll inflation
The inflationary parameter defined in Section (1.6.2), H , is also called the slow-roll
parameter. A scalar field can account for H < 1 if:
φ˙2  V, (1.67)
which indicate that the inflaton should evolve slowly (slowly roll along the poten-
tial). For inflation to solve the initial condition problem we need the accelerated
expansion to last sufficiently long. Then, we need to define a second slow-roll pa-
rameter:
ηH = H − 12H
dH
dN
, (1.68)
|η| < 1 ensures that the fractional change of  per e-fold is small, so that acceleration
persist sufficiently. As far as the scalar field dynamics is concerned, accelerated
expansion will only be sustained for a sufficiently long period of time if also the
second time derivative of φ is small enough:
|φ¨|  |3Hφ˙|, |V ′|. (1.69)
We can write the second slow-roll parameter in terms of the scalar field:
ηH = − φ¨
φ˙H
. (1.70)
One can verify that requiring (1.67), (1.69) is equivalent to require H , |ηH | < 1.
Exact Einstein equations also imply the useful relation:
φ˙2 = −2H2H . (1.71)
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Under approximations (1.67), (1.69) the background evolution is given by:
H2 ≈ V3 ,
φ˙ ≈ − V
′
3H .
(1.72)
The conditions described so far are called slow-roll conditions and may be ex-
pressed as conditions on the shape of the inflationary potential:
V =
1
2
(
V ′
V
2)
,
ηV =
V ′′
V
,
(1.73)
We should distinguish between the potential slow roll parameters defined above, and
the Hubble slow roll parameters H , ηH . Under slow roll approximation they are
related by H ≈ V and ηH ≈ ηV − V . The scheme which takes the potential as
the fundamental quantity is more widely used in literature. The advantage of the
Hubble scheme, however, is that it also applies to models where inflation is driven
by terms other than the scalar field potential. In Gauss-Bonnet gravity we will
use Hubble slow roll parameters to take into account the role of the Gauss-Bonnet
invariant as a source of inflation.
Inflation will come to an end when its conditions are violated:
H(φf ) ≡ or V ≈ 1. (1.74)
We can compute the amount of expansion occured between the beginning and the
end of inflation, the number of e-foldings, N = ln af
ai
:
N(φi) =
∫ tf
ti
H dt =
∫ φf
φi
H
φ˙
dφ ≈
∫ φf
φi
V
V ′
dφ, (1.75)
where we have used slow roll approximated equations (1.72).
Solving the horizon and flatness problems requires that the total number of infla-
tionary e-foldings exceeds about 60,
N(φi) & 60. (1.76)
If we define φcmb as the value of the inflaton at the moment when the fluctuations
observable in the CMB radiation were produced, then N(φcmb) ≈ 50− 60.
1.6.5 Quantum fluctuations of the inflaton
Even if driven by a uniform scalar field φ(t), inflation possesses the means to produce
density perturbations on cosmologically interesting scales. In this Section we will
briefly explain how the quantum fluctuations of a scalar field in de Sitter space-time
can produce density perturbations.
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First we make an important distinction, which we have already referred to in this
Chapter. A perturbation of wavenumber k is outiside the horizon if:
k  aH (super-horizon), (1.77)
and is inside the horizon if:
k  aH (sub-horizon). (1.78)
While the wavenumber is fixed, the horizon evolves with time. Cosmologically rel-
evant perturbations are produced inside the horizon, at the beginning of inflation.
However, since the horizon becomes smaller with time during the inflationary phase
(this is the peculiar property of inflation, the one we required to solve horizon-related
problems!), eventually all perturbations exit the horizon. Depending on their scale,
perturbations will later re-enter the horizon during matter or radiation dominated
eras, when the horizon grows with time. Recall that the gauge-invariant quantities
R and ζ for adiabatic and super-horizon perturbations remain constant and thus
do not depend on the details of after-inflation evolution. Once the perturbation
becomes sub-horizon again, we can use the values of R and ζ calculated at horizon
exit and determine the fluctuations that eventually result in the CMB anisotropies.
Figure 1.4. The evolution of the horizon with respect to a fixed comoving wavenumber:
horizon exit and re-entering of the mode k. Image from [23].
In the following discussion we will assume the reader to be acquainted with
quantum field theory on Minkowski space-time. We outline the steps one needs
to perform to calculate scalar and tensor perturbations as produced by quantum
fluctuations during inflation. For the sake of simplicity we first focus on R alone.
1) We first need to expand the action (1.23) to second order in perturbations.
Working on the action guarantees the correct normalization for the quanti-
zation of fluctuations. Before proceeding, we fix the diffeomorphism freedom
by selecting a gauge; we are free to do so, since we will be eventually inter-
ested in gauge-invariant quantities. We choose a gauge where the inflaton is
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unperturbed and all scalar degrees of freedom are parametrized by the metric
fluctuation R:
δφ = 0, gij = a2[(1 + 2R)δij + hij ], ∂ihij = hii = 0. (1.79)
The remaining metric perturbations are related to R by perturbed Einstein
equations, such as (1.54). We are now ready to expand the action (1.23) to
second order in R:
S(2) = 12
∫
d4x a3
φ˙2
H2
[
R˙2 − 1
a2
(∂iR)2
]
. (1.80)
We work with conformal time τ defined in Eq. (1.10) and introduce the
Mukhanov-Sasaki variable:
v(τ, ~x) = zR, with z2 = a2 φ˙
2
H2
. (1.81)
With these coordinates, the action (now called Mukhanov action) takes the
form:
S(2) = 12
∫
dτd3x
[
v′2 + (∂iv)2 +
z′′
z
v2
]
, (1.82)
where a prime denotes differentiation with respect to conformal time.
2) From the action (1.82) we derive the equation of motion for the mode of
wavelength k:
v
′′
k +
(
k2 − z
′′
z
)
vk = 0. (1.83)
We can drop the vector notation since the equation only depend on the magni-
tude. As always, we were able to treat each Fourier mode separately because
of the three-dimensional translation invariance of the background space-time.
Mukhanov equation (1.83) can be considered as an harmonic oscillator equa-
tion, with a conformal time-dependent effective frequency ω2k = k2m2eff, with
m2eff = −
z′′
z
.
3) We quantize the field v, promoting it to a quantum operator:
vˆ(τ, ~x) =
∫
d3k
(2pi)3
(
vk(τ)aˆ~ke
i~k·~x + v∗k(τ)aˆ
†
~k
e−i~k·~x
)
, (1.84)
where the mode functions satisfy:
v′′k + ω2kvk = 0, ωk =
√
k2 +m2eff(τ). (1.85)
Equivalently, we can directly promote the Fourier components to quantum
operators:
vˆ~k = vk(τ) aˆ~k + v
∗
−k(τ) aˆ
†
−~k. (1.86)
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The operators aˆ~k, aˆ
†
−~k are defined by the canonical commutation relation:
[aˆ~k, aˆ
†
~k′
] = (2pi)3δ(~k − ~k′). (1.87)
However, to obtain the commutators above we have to impose the normaliza-
tion condition:
〈vk(τ), vk′(τ)〉 ≡ i (v∗kvk′ + v∗k′vk) = 1. (1.88)
This provides one of the two boundary conditions needed to solve Eq. (1.83).
The second boundary condition is obtained specifying the vacuum state, de-
fined as the state annihilated by all the destruction operators:
aˆ~k|0〉 = 0, ∀~k. (1.89)
Eq. (1.83), describing a complicated, interacting quantum field, do not guar-
antee the uniqueness of the vacuum defined above. A unique vacuum (Bunch-
Davies vacuum)[29] may be defined in the far past, when all the comoving
scales were well inside the Hubble horizon and the effect of gravity was negli-
gible. In the limit τ → −∞, we recover a free field in Minkowski space-time
and the mode equation reduces to:
v′′k + k2vk = 0. (1.90)
This is the mode equation of a massless, free scalar field, or an harmonic
oscillator with time-independent frequency. The vacuum of the harmonic os-
cillator is unique, and coincides with the minimum energy state. The solution
of (1.90) is:
lim
τ→−∞ vk =
e−ikτ
(2k)1/2
. (1.91)
We require that the solution of (1.83) satisfies this limit, obtaining a second
boundary condtion. Eq.s (1.88) and (1.91) provide all of the boundary condi-
tions needed to solve Mukhanov equation.
4) Since Eq. (1.83) depends on background dynamics, it cannot be solved in
full generality. However, we are able to solve it in a purely de Sitter space-
time (H = 0, H =const), where a ∼ 1/τ and thus z′′/z = 2/τ2. The mode
equation in this special case reads:
v′′k +
(
k2 − 2
τ2
)
vk = 0. (1.92)
One can verify that:
vk = α
e−ikτ√
2k
(
1− i
kτ
)
+ β e
+ikτ
√
2k
(
1 + i
kτ
)
(1.93)
is a solution of Eq. (1.92). The presence of two free parameters reveals
the non-uniqueness of the mode functions. However, we may fis α and β
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by considering the quantization conditions (1.88), (1.91). This leads to the
unique Bunch-Davies mode functions:
vk =
e−ikτ√
2k
(
1− i
kτ
)
(1.94)
We have now all the elements needed to quantum correlation functions, i.e.
quantum fluctuations.
We have so far focused on scalar perturbations. We briefly summarize the corre-
sponding calculation for tensor perturbations, following the same steps:
1) From second-order perturbed Einstein-Hilbert Action we obtain the first-order
perturbation equation for tensor modes (1.53).
2) We define the canonically normalized field vk =
a
2hk for each polarization,
and switch to conformal time. The corresponding second-order action is:
S(2) =
∑
s=×,+
1
2
∫
dτd3k
[
(vs′~k )
2 −
(
k2 − a
′′
a
)
(vs~k)
2
]
, (1.95)
where a prime denotes differentiation with respect to conformal time.
3) We quantize the field v and solve the first-order equation exactly in de Sitter
space.
1.6.6 Inflation-produced power spectrum
In this Section we compute the power spectrum of scalar perturbations at hori-
zon crossing produced by quantum fluctuations in de Sitter space-time. We first
compute the correlation function of the field Ψˆk = a−1vˆk:
〈Ψˆk(τ), Ψˆk′(τ)〉 =(2pi)3δ(~k + ~k′) |vk(τ)|
2
a2
=
= (2pi)3δ(~k + ~k′)H
2
2k3 (1 + k
2τ2) '
' (2pi)3δ(~k + ~k′)H
2
2k3 ,
(1.96)
where the last expression is approached on super-horizon scales, |kτ |  1. Now we
can compute the correlation function of R = ΨH/φ˙, focusing on horizon-crossing
time a(τhc)H(τhc) = k:
〈Rˆk(τ), Rˆk′(τ)〉
∣∣∣∣
hc
= (2pi)3δ(~k + ~k′)H
2
hc
2k3
H2hc
φ˙2hc
. (1.97)
Finally, referring to the definition (1.55), we can write down the power spectrum:
∆2R(k) =
H2hc
(2pi)2
H2hc
φ˙2hc
= H
2
8pi2
1
H
∣∣∣∣
hc
. (1.98)
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In the last expression we have used (1.71). This formula applies exactly to de Sitter
inflation, but is also approximately correct for quasi-de Sitter space and slow roll
inflation.
An analogous procedure leads to the power spectrum, evaluated at horizon crossing,
of tensor perturbations:
∆2T (k) = 2∆2h(k) = 2
H2
pi2
∣∣∣∣
hc
. (1.99)
The power spectra are well described by the parameters ns, nT and r, defined
in (1.56), (1.59) and (1.60) respectively, and depend on the time evolution of the
Hubble parameter. Let us compute:
ns − 1 = d ln ∆
2
s(k)
d ln k =
d ln ∆2s(k)
dN
dN
d ln k . (1.100)
We can use:
d ln ∆2s(k)
dN
= 2d lnH
dN
− d ln H
dN
= −4H + 2ηH , (1.101)
while second term in (1.100) becomes, thanks to the horizon-crossing condition,
k = aH ⇒ ln k = N + lnH, (1.102)
so that
dN
d ln k =
(
d ln k
dN
)−1
=
(
1 + d lnH
dN
)−1
= (1− H)−1 ' 1 + H . (1.103)
Eq. (1.100) reads, at first order in slow-roll parameters:
ns − 1 = (−4H + 2ηH)(1 + H) ' (−4H + 2ηH), (1.104)
where every term is evaluated at horizon-crossing. Similarly, one may find:
nT ' −2H . (1.105)
Finally, if we substitute potential slow-roll parameters, we get:
ns − 1 = 2ηV − 6V , nT = −2V , r = 16V = −8nT . (1.106)
The expressions above directly relate observable fluctuations with the shape of the
inflationary potential. We also find a consistency relation between nT and r, which
are not independent quantities.
As a useful example we may consider the quadratic potential, V = m2φ2. This
model belongs to the class of monomial potential inflationary models, a class called
chaotic inflation and due to Linde [31]. Since in this case V = ηV =
1
2Ncmb
, the
values predicted by such a potential are:
ns = 1− 2
Ncmb
' 0.97, r = 8
Ncmb
' 0.13, (1.107)
if we substitute Ncmb = 60. This prediction, together with that of many other
models of inflation, is compared to PLANCK 2015 data [13] in Figure 1.5.
36 CHAPTER 1. STANDARD COSMOLOGY
Figure 1.5. Marginalized joint 68 % and 95 % CL regions for ns and r 0.002 from Planck
in combination with other data sets, compared to the theoretical predictions of selected
inflationary models[13]
.
1.6.7 Reheating and criticism on the paradigm
Inflation would not be a viable physical model if another phenomenon, called reheat-
ing, did not take place. Qualitatively, reheating is the phase when all known matter
was created. Reheating is a necessary completion of the inflationary paradigm: af-
ter inflation, all matter/radiation has been diluted by the exponential expansion
and the Universe is void with very good approximation. A mechanism is needed to
fill the Universe back with matter. We will try to give a broad-brush picture of how
this mechanism works.
After inflation, the inflaton ens up in the minimum of its potential and oscillates
around it, while most of its energy ρφ turns into kinetic energy. The spatially co-
herent oscillations of the inflaton correspond to a condensate of φ particles. This
particles, if the inflaton is suitably coupled, can decay into lighter Standard Model
degrees of freedom. The decay products dump the inflaton oscillations and ther-
malize, resulting in a reheated, radiation dominated Universe.
In the last Sections we have shown how inflations succeeds in explaining why
the Universe is so flat and uniform, predicting at the same time the properties of
matter perturbations. Observational data (see, again, Figure 1.5) are today in good
agreement with the inflationary paradigm, though favouring Starobinski R2 model
[30] over monomial potentials. Despite the absence of discrepancies between infla-
tionary predictions and observations, a debate has sprung out about the theoretical
soundness of the paradigm. Inflation seem, in fact, to re-propose a fine-tuning
problem: its parameters need to be carefully selected as to give rise to the present
Universe. Moreover, most inflationary models lead to eternal inflation and to a
multiverse, where “anything that can happen will happen; in fact, it will happen
an infinite number of times" (Alan Guth). A model of the Universe with infinite
1.6. INFLATION 37
different patches can hardly be said to make predictions at all [32]. Alternatives to
inflation have been proposed, and the forthcoming gravitational wave experiments
will probably discriminate between the paradigm ant its competitors.
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Chapter 2
Singularities in General
Relativity
In this chapter we define space-time singularities and enounce Hawking and Pen-
rose’s singularity theorem. We apply these results to our standard model of the
Universe, finding an initial singularity (the Big Bang singularity). Finally, we look
for a way to escape the singularity theorems, both in the framework of General
Relativity and beyond it.
2.1 What is a singularity?
It is well known that some solutions of Einstein equations contain points where the
geometric description of the space-time breaks down. Such space-times are called
singular. Two major examples of singular space-times are the Schwarzschild space-
time and a generic Friedmann-Robertson-Walker (FRW) space-time.
In the Schwarzschild space-time, it is relatively easy to understand that the black
hole center r = 0 represents a singularity, because the curvature becomes infinite
as r → 0, indicating the presence of unboundedly large tidal forces. Also, every
time-like or null geodesic entering the Schwarzschild radius cannot escape hitting
the center within a finite proper time (or affine parameter). No light rays or time-
like geodesics can be continued past that point because the geometry is singular
and the geodesic equation becomes undefined (i.e. it does not predict how a body
will move past the center). Thus the center is a place where the geometry of the
space-time cannot be described by General Relativity.
In an FRW space-time with the scale factor a(t) → 0 as t → 0, the curvature is
unbounded near t = 0. Similarly to the Schwarzschild case, geodesics cannot be
extended to the past beyond t = 0, so one cannot describe what happened to an
observer before that time. We can safely say, then, that t = 0 is the “beginning of
time” for an FRW space-time, and that the three-surface t = 0 is singular.
However, when we attempt to define a space-time singularity in a more general way,
we encounter many difficulties. For example, singularities cannot be considered as
a part of the space-time, i.e. we cannot say that a singularity is a point or a re-
gion of the space-time under consideration. Space-time is a manifold endowed with
a metric, defined everywhere on the manifold. Then singularities such as that of
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Schwarzschild’s or Friedmann’s metric cannot be not part of the space-time, because
the metric is not defined there. We conclude that we should not address singulari-
ties as “regions of space-time”: they are neither a “place" nor a “time".
Difficulties are encountered even if we try to define singularities on boundaries of
space-time, as it can be done only in simple examples.
Surely many singularities, known as curvature singularities, may be easily charac-
terized by an “explosion" of curvature scalars. Intuitively, we feel that a singularity
should involve the blowing up of curvature. But not all singularities share this
feature:
- curvature scalars can become unboundedly large simply when going to space-
time infinity (when the space-time is not asymptotically flat), and we don’t
want to describe this as a singular behaviour;
- space-time can be singular without the curvature scalars exploding.
Let’s provide an example of the latter case. Suppose we cut a piece of a Minkowski
space-time, and then glue together the remaining edges to form a space-time cone
(see Figure 2.1). The summit of the cone is what we call a conical singularity, yet
curvature scalars don’t exhibit explosions approaching that point. In fact, Rµνρσ = 0
everywhere, since we are dealing with flat geometry.
So, characterizing a singularity by the “blowing up" of curvature is not enough,
because it doesn’t take into account all the possible pathological situations that
we wish to comprehend in the definition of a singularity. What seemed a trivial
question - what is a space-time singularity? -, is still far from being answered.
[15, 16]
Figure 2.1. A cone obtained from a Minkowski space-time (in 2 dimensions), with a
conical singularity.
2.1.1 Schmidt definition
If singular points need to be excluded, cut out from the manifold, one would expect
the space-time to be incomplete in some sense, even though we have included all
the points we possibly could. We are referring here to an inextendible manifold.
The Cn manifold (M′, g) is an extension of the Cn manifold (M, g) if there is an
isometric embedding µ :M→M′. Then a Cn manifold is inextendible if there is
no Cn extension where µ(M) in not equal toM′.
Now we are ready to give Schmidt definition of a space-time singularity. Consider,
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in a space-time manifold M, all possible null and time-like geodesics, and all time-
like curves with finite (bounded) acceleration.
If
- one of them ends after a finite proper length, or affine parameter for null
geodesics;
- the manifold is inextendable, because, for example but not necessarily, of
infinite curvature;
then the termination point and the neighbouring ones form a space-time singular-
ity. The singularity is also a curvature singularity if any of the geometric scalars is
unbounded on the incomplete curve or if, measured in a basis parallely propagated
to the curve, components of the Riemann tensor are unbounded.
Time-like geodesic incompleteness has an immediate physical meaning: a freely
falling observer or particle has an history which does not exist after (or before) a
finite lapse of proper time. The inclusion, in Schmidt’s definition of a singularity, of
null geodesics is also physically significant, as they represent the histories of mass-
less particles. The same can be said for time-like curves with bounded acceleration,
which could represent, for example, an observer with some propulsion system, such
as a rocket.
Note that space-like geodesics are not included in the definition above. If we reject
the idea of tachionic particles, we see that there is no physical reason to include
space-like geodesic in the definition of a singular space-time. Suppose a space-time
has only space-like geodesic incompleteness, so that no real observer can reach the
singularity. If we cannot physically reach it, is it still a true singularity?
[14, 17] Even if not completely satisfactory, Schmidt’s definition is a minimum re-
quirement for a space-time to be considered singular. Last but not least, it provides
the means to construct many singularity theorems, to which we devote the following
Section.
2.2 Singularity theorems
Many singularity theorems were proposed since 1965 by Penrose, Hawking and Ge-
roch. Singularity theorems often make use of the concept of trapped surface. A
trapped surface is a 2-dimensional closed surface such that all ingoing (and outgo-
ing) null, surface-orthogonal geodesics converge towards each other. This kind of
surfaces signal the presence of a singularity nearby. An example of a trapped sur-
face is every r =const surface with r < 2M in Schwarzschild geometry: light-rays
emitted from such a surface are doomed to fall (converge) on the singularity r = 0.
The last and most satisfactory of the series of theorems mentioned above was
Hawking-Penrose singularity theorem [20]. It states the unavoidability of singu-
larities in General Relativity, under certain conditions which include generic gravi-
tational collapse (realistic, non highly symmetric) and the present Universe.
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Theorem 2.2.1 (Hawking-Penrose, 1970) A space-time (M, g) necessarily con-
tains a singularity, in the sense that is not time-like and null geodesically complete,
if the following conditions hold:
1. Einstein equations (1.1) (without the cosmological constant);
2. M contains no time-like closed curves (causality condition);
3. ∀ xµ ∈M , ∀ uα time-like, (Strong Energy condition, SEC)
Rαβu
αuβ =
(
Tαβ − 12gαβT
)
uαuβ > 0;
4. ∀ uα time-like or null,
u[αRβ]γλ[uρ]u
γuλ 6= 0,
at some point (generality condition);
5. M contains either
- a trapped surface;
- a point P where the divergence of the convergence of all null geodesics
through P changes sign;
- a compact space-like hyper-surface.
Condition 2 simply requires the space-time examined to be physical with respect to
causality.
If we identify ρ, the energy density, and pi, the principal pressures, as the stress-
energy tensor’s eigenvalues, condition 3 requires
ρ+ Σipi ≥ 0. (2.1)
If, for example, we consider a perfect fluid, so that the stress-energy tensor takes
the form Tµν = (ρ(t) + p(t))uµuν + p(t)gµν , SEC read:
ρ+ p ≥ 0, ρ+ 3p ≥ 0. (2.2)
Condition 4 requires that every time-like or null geodesic enters a region where the
curvature is not aligned with the geodesic itself.
The theorem does not provide any information on the nature of the singularity nor
does it say whether the singularity is in the future or in the past. Moreover, General
Relativity is taken as one of the hypothesis, but the theorem does not depend on
the full Einstein equations: its result apply also to any modification of GR where
gravity is always attractive. This is not the case, however, of Gauss-Bonnet gravity.
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2.2.1 Big Bang singularity
In this section we show that the conditions of Hawking and Penrose’s singularity
theorem are satisfied by our present model of the Universe, indicating that there
was a singularity, the Big Bang singularity, at the beginning of time. In particular,
we prove the existence of trapped surfaces in FRW space-time.
The CMB radiation as well as the distribution of galaxies indicate that our Universe
is very well described by FRW metric:
ds2 = −dt2 + a(t)2dγ2, (2.3)
where dγ2 is the metric of a three-space of constant curvature k. We shall now
show that in any FRW space-time containing ordinary matter, with positive energy
density, and if Λ = 0, there is a closed trapped surface. We then conclude that
our model of the Universe satisfies all the hypothesis of the singularity theorem,
including condition 5.
We can write dγ2 as:
dγ2 = dχ2 + Φk(χ)2dΩ2, (2.4)
see (1.7), in the previous Chapter. Consider a two-sphere S of radius χ0 lying in the
surface t = t0. Consider also the families of past-directed null geodesics orthogonal
to S. The geodesics will intersect the surfaces t =const in two two-spheres of radii:
χ(t)± = χ0 ±
∫ t
t0
dt′
a(t′) . (2.5)
The surface area of a two-sphere of radius χ will be S(χ) = 4pia(t)2Φ(χ)2. Then
two families of geodesics will be converging in the past if, for both values of χ given
(2.5):
d
dt
(
a(t)2Φ(χ)2
) ∣∣∣∣
t=t0,χ±
. (2.6)
Equation above, in fact, means that both families of null geodesics departing or-
thogonally from S have encountered in the past smaller two-spheres.
Using (2.5), the condition reads:
a˙(t0)
a(t0)
> ± Φ
′(t0)
a(t0)Φ(t0)
. (2.7)
But substituting Friedmann equation with Λ = 0, a˙
a
= (1/3ρ+ k/a2)1/2, we obtain:
(
1/3ρ(t0)a(t0)2 + k
)1/2
> ±Φ
′(t0)
Φ(t0)
. (2.8)
Then the condition for S to be a trapped source holds if a(t0)χ(t0) >
√
3/ρ0 when
k = +1, 0, or if a(t0)χ(t0) > min{
√
3/ρ0, 1/16} when k = −1. To find a trapped
surface, we just need, chosen a time t0 such as the present time, to find a big enough
radius χ0.
Intuitively we can say that in the Universe, at the present time or at any time,
must exist a sphere sufficiently small to be within the Schwarzschild sphere, i.e.
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a(t0)χ(t0) < rS = 2m = 1/3ρ0a(t0)3χ(t0)3. It is easy to see that the latter condi-
tion is equivalent to the one found with the more rigorous calculation [17].
In the derivation above we have supposed the absence of a cosmological constant,
Λ = 0. Many models with a sufficiently large cosmological constant show no Big
Bang singularity, but its present measured value [12] is too small to be dynamically
relevant in the early Universe (its importance grows with time). One might suspect
that the Big Bang singularity is a consequence of the perfect symmetry assumed, and
that anisotropic or inhomogeneous models would not show such a feature; however,
this seems not to be the case.
In the next Section we will discuss how the problem of singularities has been tackled
within General Relativity, and whether a different theory of gravity can solve it.
2.3 Escaping the singularity theorems..
2.3.1 ..in General Relativity
Given the singularity theorems, showing that singularities occur under quite general
conditions, the foundations of Einstein’s theory seem to be in danger. Holding in
mind that the predictive power of a theory, and hence the possibility of a physical
interpretation, breaks down at a space-time singularity, we should conclude that
General Relativity predicts its own failure.
The cosmic censorship (CC) is a mathematical conjecture proposed in hope to
redeem General Relativity, stating that naked singularities in the theory only appear
in “physically unreasonable" models. The idea of cosmic censorship was introduced
by Roger Penrose in 1969 [21]. Today, his statement is appealing but still open
to debate. We now should clarify some points of the conjecture, and distinguish
between weak and strong cosmic censorship (WCC and SCC):
- in the WCC a singularity is not naked if it is hidden behind an event hori-
zon. The WCC states that all physically realistic process should deposit the
singularity behind an event horizon;
- the SCC requires the space-time (M, g) to contain a Cauchy surface, i.e.
a space-like hyper-surface Σ (time slice) whose total domain of dependence
D(Σ) = D+(Σ) ∪ DâĹŠ(Σ)1 is all of M. A space-time containing a Cauchy
surface is said to be globally hyperbolic and satisfies the SCC.
We should also try to explain what a “physically unreasonable" model is. A model
can be so in different senses: involving unrealistic idealizations, rare features, or
being simply and literally physically impossible.
The CC hypothesis leans on “the faith that General Relativity has some built-in
mechanism for preserving modesty by clothing naked singularities" (Earman, [18]).
However both a clear definition of what a naked singularity is and a proof of even the
simpler WCC are still missing. Moreover, “nakedness" of the Big Bang singularity
1The future domain of dependence D+(Σ) is defined to be the set of all points p ∈M, with the
property that every past-directed inextendible time-like curve starting at p intersects Σ.
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(in which we are mostly interested in this work) is generally regarded as unavoidable
and is not addressed in the debate around the cosmic censorship [18, 19].
2.3.2 ..in modified gravity
When a singularity is encountered in physical theory, the general conclusion is
that the failure does not lie in the physical world, but rather in our theoretical
description. Such a view denies that singularities are real features of the space-time,
and asserts that they are instead merely artifices of our current (flawed) physical
theories. Our concern should turn, then, to the quest for a more fundamental theory,
whether quantum or classic, where singularities do not appear.
Many proposed modifications of Einstein’s General Relativity can be accounted for
defining an effective energy-momentum tensor, so that the field equations read:
Gµν = T effµν . (2.9)
The newly defined T effµν = Tµν + ... will contain the old energy-momentum tensor
and every modification of Einstein equation arising in the proposed theory. The
terms introduced by the modified theory can drastically change the properties of
the energy-momentum tensor. For example, the metric or the new degrees of free-
dom introduced in T effµν can allow the theory to escape the singularity theorems,
breaking the Strong Energy conditions. In the next Chapter we will explicitly see
how this works for Gauss-Bonnet gravity.
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Chapter 3
Gauss-Bonnet gravity
In this Chapter we introduce scalar-Gauss-Bonnet theory. We write down the action
and the equations of motion, and summarize the main results obtained in this
framework. Due to the breadth of current and past research about this theory, a
truly comprehensive review is probably impossible, and certainly beyond the scope
of this thesis. Subsequently, we focus on the dynamics of an FRW metric, and
discuss some results which will come in handy in the Chapters to follow.
3.1 Action and equations of motion
In the present work we study Einstein-scalar-Gauss-Bonnet gravity. The model is
described by the action:
S =
∫
d4x
√−g( 12κR−
1
2∂µφ∂
µφ+ f(φ)8 R
2
GB) + Smatter, (3.1)
where R2GB = RµνρσRµνρσ − 4RµνRµν + R2 is the Gauss-Bonnet (GB) curvature
invariant, φ = φ(x) is a scalar field, and f(φ) is a generic function of the scalar field.
Matter fields other that the scalar φ, e.g. radiation, fluids, dark energy, or other
scalars that drive different stages of cosmic evolution, are all contained in the Smatter
term. However, they are considered subdominant and, hence, negligible during the
very early time stages of the evolution of the Universe. Although they play an
important role after this early period, we will never take them into account in the
present work.
The evolution of the scalar field is described by a scalar field equation, which we
can derive from action (3.1) using the variational principle. The variation of the
action with respect to the scalar field gives:
δS =
∫
d4x{−√−ggµν(∂µδφ)(∂νφ) +
√−g f
′(φ)
8 R
2
GBδφ}. (3.2)
After integrating by parts the first term, we obtain the scalar field equation. Vari-
ation of the action with respect to the metric gives the modified Einstein equations
(here we will not show their derivation step by step). Finally we can present the
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scalar field and metric equations together [50]:
1√−g∂µ (
√−g∂µφ) = −f
′(φ)
8 R
2
GB,
Gµν = ∂µφ∂νφ− 12gµν (∂ρφ)
2 −Kµν ,
(3.3)
where we have defined:
Kµν = (gµρgνλ + gµλgνρ) ηκλαβ∇γ
[
R˜ργαβ ∂κf(φ)/8
]
, (3.4)
with
ηµνρσ = µνρσ 1√−g , 
0ijk = −ijk,
R˜µνρσ = ηµναβRαβρσ.
The coupling f(φ) between the GB curvature invariant and a scalar field is a univer-
sal feature of all four-dimensional effective field theory manifestations of heterotic
super string and M-theory [34]. This coupling function can take on different forms
in effective string theory, whether we consider the scalar field to be a modulus field
or a dilaton field (see, for example [34, 50]). For the modulus field the coupling is
of the form:
f(φ) = λ ln
[
2eφη4(ieφ)
]
, (3.5)
where η is the Dedekind function:
η(τ) = q1/12
∞∏
n=1
(
1− q2n
)
q = eipiτ . (3.6)
For a dilaton field, on the other hand, the coupling is much simpler:
f(φ) = λeφ. (3.7)
The dilaton is a scalar field always present in the gravitational sector of the string
effective action, even to the lowest order. Its coupling with the Gauss-Bonnet in-
variant arises as a first order term in the expansion in powers of λ ' α′ = λ2s/2pi,
together with a term (∇φ)4, to be included in action (3.1). Higher order corrections
become more and more important when the curvature grows, and the perturbative
expansion fails when the curvature radius becomes of the same order of the funda-
mental string length. The modulus field or, more frequently, several moduli fields,
arise in string theory as a product of compactification from D to 4 dimensions.
In effective string theory the coupling parameter λ for the modulus field is propor-
tional to the trace anomaly and its sign and value may depend on the composition
of massless spectrum of the particular string model. When the scalar field is inter-
preted as a dilaton, instead, the string coupling is always positive [33].
Throughout this thesis we will bear in mind the existing connection between string
theory and Gauss-Bonnet gravity, but we will not restrict ourself to a particular
string model. Conversely, we consider a variety of coupling functions, and let the
parameter λ run freely, even adopting the negative sign for a dilaton-like coupling.
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3.2 Properties of Einstein-scalar-Gauss-Bonnet theory
In four dimensions, the Gauss-Bonnet scalar R2GB is a topological invariant. The
action: ∫
d4x
√−g R2GB (3.8)
can be reduced to a surface term and thus does not contribute to the equations
of motion. A non minimal coupling to a scalar field, at least, is needed to have
Gauss-Bonnet term contribute to the dynamics.
The addition of a scalar-Gauss-Bonnet term to Einstein-Hilbert action provides the
theory with a number of desired features as well as novel solutions: this modified
theory of gravity has uncovered many interesting possibilities not realized by the
Einstein-Hilbert action, maintaining anyhow many of its desired features.
First of all, despite being a combination of higher curvature terms, Gauss-Bonnet
invariant gives rise to still second order equations: thanks to the particular combina-
tion of curvature squared scalars, terms containing more than 2 partial derivatives
of the metric cancel out. This makes the theory one of the simplest higher-curvature
modifications of Einstein’s General Relativity. Second order equations also imply
that GB gravity is ghost-free: there are no spurious degrees of freedom [35]. The
structure of the GB invariant also guarantees that the theory is not plagued by
Ostrogradski instability, which is associated with all Lagrangians with more than
one time derivative when higher derivatives cannot be eliminated by integration.
Finally, like the Einstein-Hilbert action, Gauss-Bonnet term gives rise to field equa-
tions which are divergence free, even though this property descends from the scalar
equation and not from a geometrical identity, as in General Relativity. Note that
Gauss-Bonnet is the only quadratic curvature term which has all of these properties.
All versions of string theory in 10 dimensions (except type II) include Gauss-Bonnet
term with a field-dependent coupling as the leading order α′ correction [36], where α′
is the so-called Regge slope, or inverse of the string tension. Therefore Gauss-Bonnet
gravity is a perfect framework to study the low energy limit of string theories. Be-
sides, it is also an interesting modified gravity model per se. A coupling between
Gauss-Bonnet term and a scalar field is present in the best motivated scalar-tensor
theories which respect most of GRâĂŹs symmetries.
The theory under study is indistinguishable from General Relativity at the post-
Newtonian order, having the same PPN (Parameterized Post Newtonian) param-
eters, β = γ ≡ 1[47]. Therefore it can’t be ruled out by Solar system tests, as it
trivially satisfies the provided constraints. The peculiarities of the theory emerge
when taking into account fully nonlinear effects, and the ideal place to look for them
is in early universe cosmology, or near compact objects such as black holes.
Black hole solutions exist in GB gravity [38, 44], and they have a regular horizon and
flat asymptotics. These black holes can evade the classical no-scalar-hair theorem,
and be dressed with classical nontrivial dilaton hair. Stability [42, 45, 46] as well as
astrophysical and observational implications [39–41, 48] of dilatonic BHs have been
carefully studied and could lead to the possibility of ruling out such objects and
theories through future experiments.
Gauss-Bonnet theory has recently been intensly studied as a candidate explanation
for the observed acceleration of the Universe (see, for example [71, 72]).
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Nonsingular cosmological solutions have been studied in a variety of string-inspired
models containing Gauss-Bonnet term [50–60]. We will discuss the properties of
these solutions in more detail in Chapter 4. Here we only outline the main results.
nonsingular solutions in presence of Gauss-Bonnet invariant were found:
- in the case of even monomial coupling (f = φn, n even) in FRW background
with every spatial curvature [50, 51];
- in the case of the complete string theory coupling for modulus and dilaton
fields [52];
- in the case of approximated modulus coupling with or without an Ekpyrotic-
like1 potential [57];
- in the case of anisotropic Bianchi I model, with both dilaton and modulus
fields [59];
Inflationary scenarios have been intensely studied in string cosmology. Conserved
cosmological quantities in a very general model containing Gauss-Bonnet term were
first calculated by Hwang and Noh in [65]. Within the so-called Pre Big-Bang
scenario, for example, inflationary solutions were studied and quantum originated
tensor and scalar perturbations were calculated [75]. This was done also for mod-
els with a generic coupling F (φ)R between the dilaton and the Ricci scalar and a
kinetic term ω(φ)(∇φ)2, in the Jordan frame [74].
Inflation driven by a Gauss-Bonnet-coupled scalar field was studied also in not so
strictly stringy scenarios [66–71, 73]. When dealing with the inflationary properties
of our solutions, we will mainly refer to the latter approach.
We close our brief introduction to GB gravity by reviewing the observational con-
straints discussed by Esposito-Farese in [43]. As we have already pointed out, solar-
system observations are in agreement with both GR and Einstein-scalar-Gauss-
Bonnet gravity. Constraing our model through solar-system tests is only possible
when also cosmological data are taken into account. If we use the present accelerated
expansion to renconstruct the form of f(φ), and then compare it with solar-system
data, we can succesfully constraint the coupling function. Esposito-Farese thus finds
that the theory could be rejected because of a high degree of fine-tuning. However,
we should stress that the present dark energy content could be explained with a dif-
ferent mechanism, which could co-exist with the GB modification: in this case the
reconstruction of f(φ) from cosmological obeservations would not be possibile. The
model is not ruled out if a modification as simple as the introduction of a potential
V (φ) or a cosmological constant Λ is made.
1The first version of Ekpyrotic Universe is a cosmological scenario, introduced by J. Khoury,
B. Ovrut, Paul Steinhardt and Neil Turok [61], in which the hot Big Bang is produced by the
collision of a brane in the bulk space. This collision is generally described in the four dimensional
space-time with a negative exponential potential.
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3.3 Early-universe cosmology in Gauss-Bonnet gravity
3.3.1 Field equations
We assume that the line element has the FLRW form (Eq. (1.5)) and assume,
consistently, a homogeneous time-dependent scalar field:
φ = φ(t). (3.9)
Using this ansatz, the scalar and gravitational field equations (3.3) reduce to the
following system of three ordinary coupled differential equations:
φ¨+ 3Hφ˙− 3f ′
(
H2 + k
a2
)(
H2 + H˙
)
= 0,
3
(
1 + f˙H
)(
H2 + k
a2
)
= φ˙
2
2 ,
2
(
1 + f˙H
) (
H2 + H˙
)
+
(
1 + f¨
)(
H2 + k
a2
)
= − φ˙
2
2 .
(3.10)
Here and throughout the work, a prime will denote differentiation with respect to
the function’s argument, while the dot will always represent differentiation with
respect to coordinate time:
f ′ = df
dφ
, f˙ = df
dt
.
The second equation in (3.10) is not a dynamical equation but a constraint. This
means that its time derivative identically vanishes along the solutions of the system
(3.10):
∂
∂t
(
3
(
1 + f˙H
)(
H2 + k
a2
)
− φ˙
2
2
)
= 0. (3.11)
We have explicitly verified the statement above for the two choices of the coupling
functions.
Looking at action (3.1), we notice that the coupling parameter λ has dimensions
[λ] = 1/[t]2. Eq.s (3.10) in flat background (k = 0) possess a symmetry under the
simultaneous rescaling of λ → αλ and t → √αt. Then we can put |λ| = 1 and
express solutions as functions of the a-dimensional quantity t/
√|λ|. In short, the
value of |λ| only determines the time-scale of the cosmological model. When the
background is not flat (k = ±1), in order to preserve the symmetry we need to
further rescale a→ √αa.
3.3.2 Energy conditions
In this section we discuss whether the Strong Energy conditions (SEC), ρ+ p > 0,
ρ + 3p > 0, can be violated in Gauss-Bonnet gravity. The violation of SEC allows
for nonsingular cosmological solutions to arise, since Hawking Penrose singularity
theorem (Section 2.2) does not hold anymore.
Assuming a perfect fluid form for the effective energy-momentum tensor of the
theory, we define:
T effµν = Gµν , ρ = T eff00 , p grr = T effrr . (3.12)
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Using equations (3.10) to replace φ¨, H˙ and f ′(φ), we can explicitly write the quan-
tities above. The total energy density can be written as:
ρ = φ˙
2
2 − 3f˙H
3 − 3 k
a2
f˙H, (3.13)
where we see the contribution of the kinetic energy of the scalar field, and two
contributions arising from the Gauss-Bonnet term, one of which disappears in flat
three-space.
We focus on the simplest case, k = 0, for which the two expressions simplify as
follows:
ρ+ p = 2H2
B + 12H(t)2φ˙2
(
φ˙2f ′′(φ) + 4
)
B
ρ+ 3p = 72H
4φ˙2
B
(
4 + φ˙2f ′′(φ)
) (3.14)
where B = −12H2φ˙2 + 36H4 + 5φ˙4.
B is a polynomial in φ˙2 with no real roots, so it is always positive definite, B > 0.
Then energy conditions are violated if and only if:
4 + φ˙2f ′′(φ) < 0 (3.15)
The condition above reduces, in the case of quadratic and exponential coupling,
respectively, to:
4 + 2λφ˙2 < 0 4 + λβ2φ˙2eβφ < 0 (3.16)
It is clear from these explicit expressions that a violation of strong energy conditions
is only possible if λ < 0.
When k 6= 0 the conditions are a slightly more complicated. For k = 1 one can
perform an analogous analysis and prove that energy conditions are violated only
if λ < 0. For k = −1, on the other hand, one can show that energy conditions can
be violated for both signs of λ[51].
The two expressions (3.14) should be compared with the ones obtained in [51],
with which they coincide except for the definition of the coupling function, f(φ) =
−2δξ(φ)2.
Another way to express the strong energy conditions for a flat space-time is by
defining the parameter Γ, similar to the equation of state parameter Γ = w + 1:
p = (Γ− 1)ρ. (3.17)
Using the background equations (3.10), for a flat universe:
Γ = −23
H˙
H2
. (3.18)
Strong Energy conditions are thus violated when:
Γ < 0 or Γ < 2/3 ⇒ Γ < 2/3. (3.19)
2We have used here a different sign for the coupling function: while in Kanti’s 1999 paper energy
conditions can be violeted only for δ > 0, with our notation we need f < 0, or λ < 0 if we explicit
a coupling constant.
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3.3.3 Tensor perturbations
Once a solution of Gauss-Bonnet theory is found, we are required to check if it
is a viable model for our Universe, i.e. if it is consistent with observational data.
In the case of quadratic coupling function, for example, it was recently shown by
G. Hikmawan, J. Soda and others [56] that inflationary solutions with flat spatial
geometry are to be rejected because of unstable tensor perturbations. In the present
section we derive, following their argument, the equations for tensor perturbations
in Gauss-Bonnet gravity with an arbitrary coupling f . In the next two chapters
we will use the results of this section to analyse the properties of our numerical
solutions, improving and expanding the results of Ref. [56].
We proceed to study stability in the context of first order perturbation theory,
following the work of Sakagami, Kawai and Soda, who first calculated scalar, vector
and tensor perturbations in scalar-Gauss-Bonnet theory [62–64]. A gauge invariant
perturbation method is used, so that conclusions about stability are not plagued by
gauge artifacts. Sakagami, Kawai and Soda show that there are no growing scalar
modes, and that vector perturbations decrease as the universe expands. Scalar,
vector and tensor perturbations are decoupled, as in GR, so that we can focus our
attention to tensor perturbations alone.
Tensor perturbations on a flat FRW background are defined by:
ds2 = −dt2 + a(t)2(δij + hij)dxidxj , (3.20)
with the transverse and traceless condition:
hij,j = hii = 0. (3.21)
This corresponds to the perturbed metric of Eq. (1.46), provided we turn off all
non-tensor degrees of freedom. Here we are exploiting the freedom to fix a gauge,
choosing the comoving gauge: inhomogeneities are all attributed to the metric and
the scalar field does not carry any perturbation, δφ = 0. We have already used this
gauge to study the fluctuations produced by inflation in General Relativity, see Eq.
(1.79).
By substituting the metric (3.20) in the action of our model, and expanding the
action to O(h2), in order to obtain O(h) equations, we obtain the “perturbed"
action:
Sh =
1
8
∫
d4xa3{[h˙ij h˙ij − 1
a2
hij,kh
ij,k+
− (4H˙ + 6H2 + φ˙2)hijhij ]− f¨
[ 1
a2
hij,kh
ij,k + 2H2)hijhij
]
+
+ f˙
[
−Hh˙ij h˙ij + 4H(H˙ +H2)hijhij
]
}.
(3.22)
Using the background equations the above expression can be simplified:
Sh =
1
8
∫
d4xa3
[
αh˙ij h˙ij − 1
a2
(
1 + f¨
)
hij,kh
ij,k
]
. (3.23)
We have introduced α, which only depends on the background variables:
α = 1 +Hf˙. (3.24)
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As we can see from the constraint equation (second equation in the system (3.10)),
α has a clear physical meaning: it is proportional to the fraction of the scalar field
kinetic energy over the geometrical one. Moreover, as α shows up in front of the
kinetic term in the action (3.23), the model is ghost-free only if
ghost-free condition: α > 0. (3.25)
After applying the variational principle with one integration by parts, and setting
hij(t, ~x) = hij(t)e~k·~x, we obtain the equation for tensor perturbations:
h¨ij +
(
3H + α˙
α
)
h˙ij +
k2
a2
1 + f¨
α
hij = 0. (3.26)
The equation above can be compared to the one found in General Relativity (1.53).
Gravitational waves will grow arbitrarily if the factor in front of hij is negative
and big. First of all, then, we can say that instability, if present, has a time-scale
growing when the wavelength becomes smaller. In addition, Sakagami, Kawai and
Soda showed that the friction term in equation (3.26), namely
F = 3H + α˙
α
, (3.27)
When F < 0, this term cannot be regarded as a friction contribution anymore.
F should not be neglected in the stability analysis, as it can produce or enhance
instability.
To better discuss stability we can define the effective speed of sound:
c2s =
1 + f¨
α
. (3.28)
Tensor perturbations are stable only if:
stability condition: c2s > 0. (3.29)
An additional condition should be imposed to prevent tensor modes from becoming
superluminal:
c2s 6 1. (3.30)
Superluminal modes can create problems with causality; however, superluminal
propagation can also be admitted under specific conditions. In this thesis superlu-
minal modes will be marked as stable and will not be rejected: the complexity of
the issue requires further study, which is left to a future extension of the present
work.
We can join the two conditions (3.25), (3.28), obtaining the comprehensive require-
ment: (
1 + f¨
)
> 0, and α > 0. (3.31)
Using the background equations (3.10) (the constraint and Einstein equation) we
can put the above condition in a different form. Thanks to the already defined
function Γ (3.17) we can finally write:
stability + ghost-free condition: α (3Γ− 5) > 0. (3.32)
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We easily see that, providing it’s ghost-free, the solution is stable if:
Γ > 5/3 (3.33)
Comparing this inequality with the Strong Energy conditions, we see that no non-
singular solution, for which Γ < 2/3 is necessary, can be stable.
If we consider inflationary solutions, rather than nonsingular ones, we need to
define, as one of the slow-roll parameters:
 = − H˙
H2
= 32Γ. (3.34)
The slow-roll approximation requires H < 1. But the stability condition, expressed
as a function of the parameter H , becomes:
α (2H − 5) > 0. (3.35)
Then we see, as discussed in [56], that also no accelerated solution, for which H < 1
is necessary, can be stable.
Throughout our work we will use the quantities (3.28), (3.24), to test the sta-
bility of cosmological solutions. If the outcome of the test is negative, i.e. if tensor
perturbations are unstable or contain a ghost, first order perturbation theory should
be abandoned and the solution should be rejected. When tensor perturbations are
unstable the background geometry breaks down quickly, due to high frequency grav-
itational waves, unless we fine-tune initial conditions of the perturbations. Indeed,
if at some initial time we force the amplitude of the perturbations to be sufficiently
small, and the instability switches off after a finite lapse of time, then gravitational
waves produced could be too weak to destroy the background geometry. However,
this would clearly require a high degree of fine-tuning. Moreover, a condition for
the initial amplitude of perturbations can be found only if we assume a cut off in
the modes’ frequency.
We should stress that an instability does arise even in the radiation era in Einstein
gravity as the scale factor approached the singular value a ∼ t1/2 → 0. The solution
of the perturbation equation in General Relativity (1.53) in the radiation era and
on flat background is[22]:
h(t) = Re { c1e
2ik
√
t
√
t
+ ic2e
−2ik√t
2k
√
t
}. (3.36)
Tensor perturbations clearly explode, breaking down the background geometry,
when t → 0. Yet, the current paradigm does not extend the radiation dominated
solution all the way back to the Big Bang, while Gauss-Bonnet solutions are pro-
posed exactly for this purpose.
The theoretical results of this Section suggest that Gauss-Bonnet gravity does
not work in its simplest realization. We will numerically verify instability of all
interesting solutions in Chapters 4 and 5. We will then attempt a modification in
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order to improve the stability of the theory, and will present our results in Chapter
6.
If, on the other hand, the outcome of the test is positive, as happens when a
potential is taken into account (Chapter 6), we need to check the stability and
phenomenological implications of scalar and vector perturbations, as well as that of
quantum perturbations, before marking the solution as a viable cosmological model.
So far, we have discussed tensor perturbations on a flat background. When the
background is spatially curved, the equation of the tensor mode k reads [64]:
h¨ij +
(
3H + α˙
α
)
h˙ij +
k2 + 2κ
a2
1 + f¨
α
hij = 0, (3.37)
where κ is the the spatial curvature, cs and α have the same expressions of the flat
case, i.e. (3.24) and (3.28). However, in this work we will not discuss the stability
of spatially curved solutions.
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Chapter 4
Gauss-Bonnet cosmology:
quadratic coupling
In this chapter we study cosmological solutions of our theory when the coupling
between the scalar field and the Gauss-Bonnet invariant takes a quadratic form.
We describe nonsingular and early-time solutions obtained by Kanti et al. in this
model. Then we summarize our numerical results, and compare them to the ones
previously discussed. We also study the stability of nonsingular solutions.
4.1 Field equations
We address the case of a simple quadratic coupling:
f(φ) = λφ2. (4.1)
Of course, this choice is much simpler than the true coupling function arising in
the context of super string effective theory and described in Section 3.1, f(φ) =
ln
[
2eφη4
(
ieφ
)]
. However, the complete string coupling and the quadratic one
share a number of important properties. They are both invariant under the change
of sign φ→ −φ, have a global minimum at φ = 0 and diverge when φ→ ±∞. Thus
the quadratic coupling can be considered a good approximation of the string one,
and we can expect their cosmological solutions to share most of their features.
Once we substitute the explicit form of the coupling, the cosmological equations of
the theory become:
φ¨+ 3Hφ˙− 6λφ
(
H2 + k
a2
)(
H2 + H˙
)
= 0
3
(
1 + 2λφφ˙H
)(
H2 + k
a2
)
= φ˙
2
2
2
(
1 + 2λφφ˙H
) (
H2 + H˙
)
+
(
1 + 2λφφ¨+ 2λφ˙2
)(
H2 + k
a2
)
= − φ˙
2
2
(4.2)
4.2 Existence of nonsingular solutions
nonsingular solutions in the quadratic coupling case were first discovered to exist
due to the violation of Strong Energy conditions a numerically found by Antoniadis,
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Rizos and Tamvakis in [50]. However, the analytical argument proving their exis-
tence for a variety of couplings (including φ2) and for every spatial curvature is due
to Kanti, Rizos and Tamvakis and described in detail in [51].
The argument is based on the search for singular cosmological solutions, character-
ized by a singularity at finite time. Referring to equations (3.10), they define the
quantities:
x = φ˙, z = H, y = 1
a2
. (4.3)
They show that singular solutions are indeed present, and can only take the form:
z2 ∼ y ∼ 1
f(φ)− f(φs) ∼
1
t− ts , (4.4)
where φs and ts are the value of the scalar field and time, respectively, at the
singularity. Substituting the definition of y as a function of a, we find that the scale
factor behaves near the singularity as:
a(t) ∼ (t− ts)→ 0 when t→ ts. (4.5)
The only assumption of their completely analytical argument is the monomial form
of the coupling function, f = φn, n ≥ 1, while spatial curvature is allowed to be
k = 0,±1. If n is even, singular solutions are confined in a region of the phase space
of the theory. This restriction leaves the rest of the phase space to be necessarily
covered by nonsingular solutions. This proves the existence of nonsingular solutions
in Gauss-Bonnet gravity with a quadratic coupling.
Kanti et al.’s result, together with Easther and Maeda’s [52], also show that non-
singular solutions appear with a finite measure of the required initial conditions.
4.3 Early-time solutions
Recently, Kanti, Gannouji and Dadhich [54, 55] proposed a simplifying assumption
for early-time Gauss-Bonnet gravity leading to analytical solutions. They argue
that the role of the Ricci scalar is negligible for early-time dynamics, where the
Gauss-Bonnet term should be dominant, instead.
They consider what we may denominate a pure Gauss-Bonnet model, to which we
can associate the action:
SpGB =
∫
d4x
√−g(−12∂µφ∂
µφ+ f(φ)8 R
2
GB). (4.6)
Pure Gauss-Bonnet theory can also be considered as an approximation of GB grav-
ity. In this approximation, terms arising from the Ricci invariant in the equations of
motion are discarded: the unit terms inside brackets in Eq.s 4.2 are neglected. This
simplification is proved to be correct in the simple case of a linear coupling, f = λφ,
and its principle is illustrated with a toy model where the constraint R2GB = 0
is imposed. Still they are not able to find an analytical argument supporting the
dominance of the Gauss-Bonnet scalar over the Ricci term when the coupling is
quadratic. In their opinion, however, the specific form of the coupling function only
determines the weight of the Gauss-Bonnet term in the theory, merely defining the
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point where the dominance takes place. Later, in Section 4.5.2, we will comment on
this and argue that this approximation should be treated more cautiously. In the
present Section we briefly summarize their results, showing the analytical solutions
they find.
When k = 0, i.e. the Universe is flat, Kanti et al. obtain the simple equation, in
the pure GB model: 
5
2
1
a˙2
= C1 − 12λ
a2
φ˙
φ
= 12λa˙
3
a3
(4.7)
Four different kinds of cosmological solutions can be derived from the equations
above depending on the values of C1 (arising as an integration constant) and the
coupling parameter λ.
A) For C1 = 0, solutions only exist when λ < 0, and have the simple form:
a(t) = a0 e±HdSt, HdS =
√
5
24|λ|
φ(t) = φ0 e
−
5
2HdSt
(4.8)
They thus obtain an inflationary, purely de Sitter solution (Figure 4.1a) with-
out any need for a self-coupling potential V (φ): the Gauss-Bonnet term is
naturally providing a potential, supporting inflation on its own.
B) Setting C1 > 0, λ < 0 and solving equations (4.7) by separation of variables,
one obtains the implicit expressions:√
a2 + ν2 + ν log
(√
a2 + ν2 − ν
a
)
= ±
√
5
2C1
(t+ t0)
φ2 = C0
(2C1
5
)5/2 (a2 + ν2)5/2
a5
(4.9)
where ν = 12|λ|/C1. This represents a nonsingular, expanding (+ sign) Uni-
verse, see Figure 4.1b. In the limit a→ 0 this solution is smoothly connected
to the de Sitter one, so the singularity is only approched for t → −∞. Later
in time, the scale factor grows linearly (Milne-type phase). The scalar field
tends to a constant for a2  ν2.
C) When C1 < 0, λ < 0, one integration of equations (4.7) yields:√
ν˜2 − a2 + ν˜ log
(
ν˜ −√ν˜2 − a2
a
)
= ±
√
5
2|C1|(t+ t0)
φ2 = C0
(2|C1|
5
)5/2 (ν˜2 − a2)5/2
a5
(4.10)
where ν˜ = 12|λ|/|C1|. This solution is similar to the previous one, but the
scalar factor can only grow up to a maximum value, a = ν˜ (see Figure 4.1c).
60 CHAPTER 4. GAUSS-BONNET COSMOLOGY: QUADRATIC COUPLING
D) Setting C1 > 0, λ > 0, similarly, Kanti et al. obtain:
√
a2 − ν˜2 − ν˜ cos−1
(
ν˜
a
)
= ±
√
5
2C1
(t+ t0)
φ2 = C0
(2C1
5
)5/2 (a2 − ν˜2)5/2
a5
(4.11)
Here the square root requires a2 > ν˜2, so again singularities are not allowed
to arise. This solution is shown in Figure 4.1d.
The solutions we have described so far have the property of being completely an-
alytical. They have been proposed as a good approximation of the solutions of
the complete theory, which can only be obtained via numerical methods. In the
following Section we will study the numerical solutions of complete Gauss-Bonnet
gravity, and in Section 4.5.2 we will compare our numerical results with the analyt-
ical solutions of the approximate model.
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(a) Solution with C1 = 0 (A, de Sitter)
and a0 = 1.
(b) Solution with C1 > 0, λ < 0 (B) and
ν = 1.
(c) Solution with C1 < 0, λ < 0 (C) and
ν˜ = 1.
(d) Solution with C1 > 0, λ > 0 (D) and
ν˜ = 1.
Figure 4.1. Scale factor as a function of rescaled time, in pure GB theory with quadratic
coupling function.
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4.4 Numerical analysis
We proceed to numerically integrate the equations (4.2). We will use O(1) (in
Planck units) initial conditions1:
φ(0) = 0.5, H(0) = 1, a(0) = 1. (4.12)
We only integrate first and third equation in (4.2), together with the obvious one:
H = a˙
a
(4.13)
The second equation is a constraint, as we showed in Section 3.3.1, so it can be used
to find the initial condition for φ˙. This procedure, however, gives us two possible
branches. The constraint can be rewritten as φ˙2 − 2Aφ˙+B = 0, with:
A = 6Hφ
(
H2 + k
a2
)
, B = −6
(
H2 + k
a2
)
. (4.14)
The solutions are:
φ˙s = A± s
√
A2 −B, s = ±1. (4.15)
Here we recognize a symmetry: when both signs of s and φ change, the solution
remains the same, except for a reversed sign of the derivative φ˙. Is easy to check
that the entire system of equations is symmetric under this transformation. If we
are interested in a solution where the scale factor remains unchanged, but the scalar
field changes sign and monotony (as if it was reflected about the t axis), we should
change the sign of φ(0) and s simultaneously.
An equivalent procedure to numerically solve the system of equations is to give the
initial condition directly on φ˙ and derive the condition on φ from the constraint and
the scalar field equation:
φ = −6ka− 6aa˙
2 + a3φ˙2
12λa˙ (k + a˙2) φ˙
(4.16)
In this case we should choose a˙(0) 6= 0, φ˙(0) 6= 0, a˙2(0) 6= −k. The last condition,
of course, if only meaningful when k = −1 and reduce to the first one when k = 0.
Here we cannot distinguish between the two branches explicitly, but we can move
from one to the other by changing the sign and/or value of φ˙.
In our numerical analysis we choose to use the second procedure, giving an initial
condition for φ˙ and
H(0) = 1, a(0) = 1. (4.17)
We exceptionally use H(0) = 1.5 when k = −1, in order to obtain a nonsingular
value for φ. For each solution we will explicitly present the value of φ˙.
1We should stress that, in the present Chapter and the next one, initial conditions are chosen
arbitrarily, indicating that interesting solutions exist for generic initial values of the fields. In Chap-
ter 6 we will constraint initial conditions with the requirement of a sufficiently large inflationary
phase, thus reducing the number of degrees of freedom.
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Numerical integration was performed using Mathematica built-in function ND-
Solve, with the additional option “StiffnessSwitching". This option is very useful
when dealing with singular or very steep solutions, such as the ones we encountered.
“StiffnessSwitching" uses two integration methods: “ExplicitModifiedMidpoint" for
nonstiff regions of the solution, and “LinearlyImplicitEuler" for stiff ones.
In the next sections we separately analyse solutions with different spatial cur-
vature (k = 0,+1,−1) and with different sign of the coupling (λ ≷ 0).
4.4.1 Flat universe (k=0)
Positive coupling, λ > 0
The two branches of solutions found with positive coupling are, as expected, sin-
gular. Here we describe the first branch, while the second one is reported in the
Appendix. The scale factor, shown in Figure 4.2, starts with a linear growth and
then behaves as in GR. The Gauss-Bonnet term prevents the scalar field from being
singular at the initial time (Figure 4.2). The late time behaviour of the scalar field
is also GR-like.
Figure 4.2. The scale factor (left) and the scalar field (right) as a function of rescaled
time for a singular solution with k = 0, λ = 1, first branch.
Negative coupling, λ < 0
When we allow the coupling to be negative, we expect to find nonsingular solu-
tions. The negative coupling case, however, posses both singular and nonsingular
solutions. We show the former in the Appendix, focusing here on the latter.
The scale factor (Figure 4.3) tends exponentially to zero as time goes to negative
infinity, so there is no singularity at finite cosmological time. As the space-time
curvature decreases at later times, the GB correction becomes negligible and the
Universe expands as in GR with an almost free scalar field. The Hubble parameter,
Figure 4.4, starts from past infinity with a finite, constant value, reaches a maxi-
mum and then tends asymptotically to zero. Clearly the Gauss-Bonnet correction
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provides a past de Sitter-Universe.
The scalar field, shown in Figure 4.4, grows exponentially in the past, so it does not
diverge at finite times. In the future, a GR-like solution is recovered.
This is clearly an interesting solution, first found by Antoniadis, Rizos and Tam-
vakis in [50]. Rizos and Tamviakis also proved its existence for a wider variety of
coupling functions in [53]. The issue of its stability will be discussed in Section
4.5.2. In Section 4.5.2 we will also compare this numerical solution of the exact
equations of the theory with the pure GB approximation.
Figure 4.3. The scale factor as a function of rescaled time for k = 0, λ = −1.
Figure 4.4. The scalar field (left) and the Hubble parameter (right) as a function of
rescaled time for k = 0, λ = −1.
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4.4.2 Positive curvature (k=+1)
Here we only discuss one of the two branches of solutions, for each sign of the
coupling. The second one can be found in the Appendix, whenever its behaviour
differs qualitatively from that of the first branch.
Positive coupling, λ > 0
The behaviour of the scale factor (Figure 4.5) shows that the solution has a begin-
ning and an end in time. The scale factor grows linearly from the initial singularity,
reaches a maximum (amax ' 1.14 in the plot) and then decreases linearly to reach
the final singularity. The Gauss-Bonnet correction is important in determining the
way the scale factor approaches both singularities. We also point out that the scale
factor decreases faster than it grows.
The scalar field (Figure 4.5) approaches both singularities in a regular way, reaching
a finite value, and is everywhere else well behaved.
The behaviour of the Hubble function, not reported here, is singular at the initial
and final time. Both the scale factor and the scalar field behave differently from the
GR solution.
Figure 4.5. The scale factor (left) and the scalar field (right) as a function of rescaled
time for a singular solution with k = 1, λ = 1, first branch.
Negative coupling, λ < 0
As in the flat space case, by setting λ < 0 we are able to find nonsingular solutions.
This family of solutions was already found by Kanti and others[51], but using a
different choice of variables and giving numerical solutions, as implicit functions of
the scalar field φ rather than time (as illustrated in Section 4.2).
Comparing the nonsingular solutions found respectively with positive and zero spa-
tial curvature, we see that the qualitative behaviour of the scale factor is rather
different. The cosmological solution found here is characterized by a nonsingular
bounce. As shown in Figure 4.6 the scale factor lingers on a constant value in the
past, undergoes a collapse never reaching the singular value and then grows again,
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stabilizing on a new constant value.
The scalar field grows, because of the positive value of φ˙(0), undergoing a linear
growth and remaining finite at finite times. Its behaviour is shown in Figure 4.7
In Figure 4.7 we also display the Hubble parameter, to stress that no singularity
is present in the solution under study. The Hubble parameter is practically zero
everywhere except around the bouncing time tbounce.
Figure 4.6. The scale factor as a function of rescaled time for k = 1, λ = −1.
Figure 4.7. The scalar field (left) and the Hubble parameter (right) as a function of
rescaled time for a nonsingular solutions with k = 1, λ = −1.
One can easily guess the asymptotic behaviour of the scale factor and scalar field
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by looking at Figures 4.6, 4.7. When taking the limit t→ ±∞, under the ansatz
a(t) ' a∞, φ(t) ' φ∞ + φ1t (4.18)
the system of equations (4.2) gives:
3
a2inf
= φ
2
1
2
2 +
(
4λ+ a2inf
)
φ21 = 0
(4.19)
The solution of the system above is a∞ =
√−3λ, φ1 =
√ 2
−λ , so that the asympo-
totic behaviour for the closed, nonsingular solution is:
a(t) ' √−3λ, φ(t) ' φ∞ +
√
2
−λt. (4.20)
The solution described above is extremely interesting in the context of eternal uni-
verse theories, and should be the subject of further studies.
4.4.3 Negative curvature (k=-1)
In the present work, we do not discuss the negative curvature case in any detail.
The solutions for this case can be found in [51].
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4.5 Detailed analysis of interesting solutions
4.5.1 Stability of nonsingular solutions
The instability of nonsingular solutions in Gauss-Bonnet gravity with a quadratic
coupling and flat background was proved by Kawai, Sakagami and Soda in [62–64].
Here we present the numerical results of our stability analysis, performed for non-
singular solution arising when k = 0 and λ < 0. The behaviour of the square sound
velocity and the function α at early times is shown in Figure 4.5.1. We see that,
at the time when the solution approaches and avoids the singularity, the squared
sound velocity becomes negative and stays negative in the infinite past. Ghosts are
not present, as α > 0 for ∀t, but tensor perturbations are unstable and make such
an appealing solution unacceptable.
An example of the evolution of tensor perturbations is shown in Figure 4.9 for differ-
ent wave numbers, in logarithmic scale. This evolution is obtained by numerically
solving Eq. (3.26) along the nonsingular background space-time. Instability mainly
involves short wavelength modes, as c2s possesses a negative lower bound. However,
background solution could avoid breaking down only if a natural cut off in the co-
moving wave number exists, and suitable initial conditions at an arbitrary time in
the past are imposed.
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Figure 4.8. The squared sound velocity (left) and the ghost factor (right) as a function of
rescaled time for the nonsingular solution with k = 0, λ = −1.
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Figure 4.9. The tensor perturbation as a function of rescaled time for a nonsingular
solution with k = 0, λ = −1, for different wave numbers.
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4.5.2 Comparison with pure Gauss-Bonnet solutions
In Section 4.3 we discussed the approximation proposed in Ref.s [54, 55]. In the
approximated theory, i.e. pure Gauss-Bonnet theory, the terms in Eq.s (4.2) deriv-
ing from the scalar curvature R are discarded. Complete and pure Gauss-Bonnet
theories are consistent if the following hypothesis are satisfied:
1. R2 
f(φ)
8 R
2
GB −→ (
f(φ)
4 R
2
GB)/R 1 (Condition 1);
2. Hf˙  1 (Condition 2);
3. f¨  1 (Condition 3).
To check whether these conditions hold, we compare the numerical solutions of
the complete theory with the analytical solutions of pure GB.
We first consider the non singular solutions arising in flat space-time with a neg-
ative coupling, λ = −1. For pure Gauss-Bonnet theory we have three family of
nonsingular solutions (solutions A, B and C in Section 4.3), all sharing the same
early time behaviour. We can thus pick the de Sitter solution (A) as a model. In
Figure 4.10 we show both solutions on the same plot. We see that scale factor in
the two solutions has the same asymptotical behaviour as time goes to −∞, begins
to differ at early times (t/
√|λ| ' 0) and then diverges completely at late times.
This is what we could have expected looking at the three conditions, calculated
along the complete theory’s solution and shown in Figure 4.11, 4.12a and 4.12b.
Condition 1, 2 and 3 are all satisfied at very early times, but are violated at t ' 0
and later. So, the pure Gauss-Bonnet solution considered here is a good approxi-
mation of the complete one only for t −√|λ|.
Complete Gauss-Bonnet theory with negative coupling also shows the existence
of singular solutions, which are not found in the approximate, early-time theory.
We need to check, than, that singular solutions do not satisfy the requirements for
pure Gauss-Bonnet theory. Figures 4.14a, 4.14b both make clear that Conditions 2
and 3 are not fulfilled near the singularity, as Hf˙ and f¨ are of order one or smaller.
The behaviour of the ratio fR2GB/R (Figure 4.13) further support our statement:
early-time approximation cannot be applied to singular solutions.
We now want to understand why a nonsingular solution is found in pure Gauss-
Bonnet theory with λ > 0, despite the fact that, as discussed in Section 4.2, only
solutions with λ < 0 can be nonsingular in the full theory. The nonsingular solu-
tion of pure GB, found in [54], was re-derived in Section 4.3. nonsingular solutions
are forbidden in the complete theory with positive coupling because of the Strong
Energy Conditions, an argument that is however not applicable in the pure Gauss-
Bonnet case. Even if it doesn’t violate any principle, it is rather surprising to find a
nonsingular solution which would instead be forbidden in the complete theory. We
want then to check if the aforementioned solution satisfies the assumptions of pure
Gauss-Bonnet theory.
In Figure 4.15 we show the nonsingular solution in pure Gauss-Bonnet gravity to-
gether with the two branches of singular solutions found in Section 4.4.1, numerically
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Figure 4.10. The scale factor as a function of rescaled time for k = 0, λ = −1 in pure and
complete Gauss-Bonnet theory.
integrating the complete theory. The pure, analytical solution nearly coincides with
the numerical second branch at very early times and then becomes quite different.
It seems that the complete theory allows to continue the scale factor beyond the
minimum value found in the pure approach, up to the singularity.
The study of the three conditions support this picture. In Figure 4.16 we show
that the Gauss-Bonnet term is of the same order or slightly bigger than the Ricci
scalar almost everywhere, except for a small time interval. In particular, the ratio
is smaller than one near t = 0, where the solutions of the complete and the approx-
imated theory differ the most (pure GB solution does not exist for t < 0).
If we look at the second condition for the pure Gauss-Bonnet solution (Figure 4.17a),
we see that the condition is not fulfilled at the initial time. This plot explains why
its behaviour is so different from that of the complete theory’s solution, i.e. why it
stops at a non-zero value. We also see that for the complete theory’s solution |Hf˙ |
is always order one: if we looked at this plot in the first place, we never would have
thought about discarding this term.
The third condition, shown in Figure 4.17b for both versions of the theory, is sat-
isfied at early times in pure Gauss-Bonnet, but this is not enough to make the two
solutions consistent with each other.
We have thus understood why the nonsingular solution is not shared by the two
versions of the theory with λ > 0: in this case the Ricci scalar cannot be neglected
in the action. This nonsingular solution has its own right to be, if pure GB gravity
72 CHAPTER 4. GAUSS-BONNET COSMOLOGY: QUADRATIC COUPLING
Figure 4.11. The ratio of Gauss-Bonnet and Ricci terms of the action as a function of
rescaled time in the complete theory with k = 0, λ = −1.
(a) The Hf˙ term as a function of rescaled
time.
(b) The f¨ term as a function of rescaled
time.
Figure 4.12. Solution of the complete theory with k = 0, λ = −1.
is considered as the underlying theory, but shouldn’t be considered a good approx-
imation of the early time behaviour of the complete GB theory.
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Figure 4.13. The ratio of Gauss-Bonnet and Ricci terms of the action as a function of
rescaled time in the complete theory with k = 0, λ = −1, for the singular solution.
(a) The Hf˙ term as a function of rescaled
time.
(b) The f¨ term as a function of rescaled
time.
Figure 4.14. Singular branch solution of the complete GB theory with k = 0, λ = −1.
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Figure 4.15. The scale factor as a function of rescaled time for k = 0, λ = 1 in pure and
complete Gauss-Bonnet theory.
Figure 4.16. The ratio of Gauss-Bonnet and Ricci terms of the action as a function of
rescaled time, along pure Gauss-Bonnet solution with k = 0, λ = 1.
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(a) The Hf˙ term as a function of rescaled
time.
(b) The f¨ term as a function of rescaled
time.
Figure 4.17. Pure Gauss-Bonnet solution with k = 0, λ = 1.
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Chapter 5
Gauss-Bonnet cosmology:
exponential coupling
In this chapter we study cosmological solutions of our theory when the coupling
between the scalar field and the Gauss-Bonnet invariant takes an exponential form.
First, we briefly discuss why nonsingular solutions should arise. Then we summarize
our numerical results, and study the stability of both singular and nonsingular
solutions.
5.1 Field equations
We address the case of a dilaton-like scalar field, where the coupling function has
an exponential form. We use the most general form
f(φ) = λeβφ(t). (5.1)
This is the so called Einsten-dilaton-Gauss-Bonnet (EDGB) theory, where the cos-
mological equations take the form:
φ¨+ 3Hφ˙− 3λβeβφ
(
H2 + k
a2
)(
H2 + H˙
)
= 0
3
(
1 + λβeβφφ˙H
)(
H2 + k
a2
)
= φ˙
2
2
2
(
1 + λβeβφφ˙H
) (
H2 + H˙
)
+
(
1 + λβeβφ(φ¨+ βφ˙2)
)(
H2 + k
a2
)
= − φ˙
2
2
(5.2)
However, we stress again that we will partly deviate from the string-inspired EDGB
model, allowing the coupling λ to take both signs.
The set of equations (5.2) possess a new symmetry. Under the simultaneous trans-
formations
β → −β, t→ −t, φ→ −φ. (5.3)
the equations remain unchanged. This means that we don’t need to study the two
signs of β separately and we can choose β > 0, for instance. We could then obtain
solutions with β < 0 by reversing time and the sign of the scalar field. This is not,
of course, particularly physically meaningful, as the behaviour of the scale factor
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remains the same.
By re-scaling the scalar field:
φ→ 1
β
φ , (5.4)
we can predict what happens if the coupling β goes to zero. Eqs. (5.2) in the limit
β → 0 become: {
φ¨+ 3Hφ˙ ' 0,
φ˙2 ' 0. (5.5)
We conclude that in the small β-coupling limit the scalar field decouples from the
space-time dynamics and freezes: φ˙ = 0 is the only solution of Eqs. (5.5).
5.2 Nonsingular solutions
The analytical argument proving the existence of nonsingular solutions for the
quadratic coupling cannot be directly extended to the exponential case. The key
of the argument is the fact that f ′ can take both signs, depending on the sign of
the scalar field itself. This is true when f ′ = nλφn−1 with even n, but not when
f ′ = βλeφ. We were not able to construct a different argument analytically proving
the existence of nonsingular solutions in the exponential coupling case. However,
similarly to the monomial coupling case previously discussed, an exponentially cou-
pled GB term can introduce violations of the Strong Energy conditions (see Section
3.3.2) and nonsingular solutions are actually found numerically.
nonsingular solutions for a dilaton-modulus-Gauss-Bonnet theory where first found,
numerically, by Easther and Maeda in [52]. The authors focused on a closed uni-
verse (k = 1), flat universe being already discussed within modulus-Gauss-Bonnet
theory in [50, 53]. The action they considered includes both the dilaton and the
moduli effective string corrections, but the dilaton coupling is only allowed to take
positive values because of effective string theory considerations. Thus the dilaton
field is not responsible for the nonsingular solutions found by Easther and Maeda.
Accordingly, their numerical results show that, when the modulus is turned off, only
singular solutions appear. As a result, no direct comparison with our solutions, to
be described in the next Sections, can be drawn.
In [60], Alexeyev, Toporensky and Ustiansky find nonsingular aymptotics for an ex-
ponential coupling of the form e|φ|. This coupling is chosen because its asymptotic
behaviour is similar to that of the complete sting coupling function for a modulus
field. Again, no direct comparison with our results can be drawn.
5.3 Numerical solutions
We proceed to numerically integrate the equations (5.2). We first analyse the con-
straint equation to characterize the two branches of solutions. The constraint can
be rewritten as follows:
φ˙2−2Aφ˙+B = 0 with A = 3βλHeβφ
(
H2 + k
a2
)
, B = −6
(
H2 + k
a2
)
. (5.6)
5.3. NUMERICAL SOLUTIONS 79
The roots of the polynomial above are:
φ˙s = A± s
√
A2 −B, s = ±1. (5.7)
We use the same procedure and initial conditions described in Section 4.4 for the
quadratic coupling. Again, it is necessary to perform a complete analysis of the two
branches arising in the system, by tuning the initial condition φ˙0. In most cases the
two branches do not differ much qualitatively, and we will only show one of them.
When, however, the branches of solutions show distinct properties, we report the
second one in the Appendix.
Similarly to the case of quadratic coupling, we are going to impose the initial condi-
tion on φ˙, rather than on φ, and we obtain the latter from the constraint equation
as follows:
φ(t) = 1
β
[
2pii C + ln
(
−6ka− 6aa˙2 + a3φ˙2
6βλa˙ (k + a˙2) φ˙
)]
, C ∈ Z (5.8)
Clearly, we need to set C = 0 to have a real solution for the scalar field. The expres-
sion above also demands the argument of the logarithm to be positive. Fulfilling
this condition requires us, in some cases, to adjust the initial conditions.
As already pointed out in the opening of this Chapter, we can choose a positive
value for β and study how the solutions depend on its absolute value.
The integration method used has already been described in Section4.4.In the
following Sections, we separately analyse solutions with different spatial curvature
(k = 0,+1,−1) and with different sign of the coupling (λ ≷ 0).
5.3.1 Flat universe (k=0)
Positive coupling, λ > 0
As shown in Figure 5.1, the scale factor presents an initial singularity from which it
grows linearly. Then, the Universe described by this solution asymptotically settles
in a GR-like (a ∼ t1/3) expansion. The scalar field (Figure 5.1) is finite at the initial
time and its later evolution is also unaffected by the Gauss-Bonnet term. The value
of β does not influence the qualitative behaviour of the solution.
Negative coupling, λ < 0
In this case, we find a nonsingular solution: the scale factor (Figure 5.2) tends to a
finite, non zero value in the infinite past, and later switches to a GR-like expansion.
The scalar field is finite at every cosmological time, just like the Hubble parameter.
Both are displayed in Figure 5.3: the scale factor grows logarithmically in the infinite
past, while the Hubble parameter tends to zero. At late times the Gauss-Bonnet
correction becomes irrelevant and GR solution is approached.
This is a quite remarkable solution, so we will discuss in detail its stability in Section
5.4.1. Here we just add that, varying the value of β, we find no significant change
in the qualitative behaviour of the solution.
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Figure 5.1. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 0, λ = 1, first branch.
Figure 5.2. The scale factor as a function of rescaled time for k = 0, λ = −1, nonsingular
branch.
5.3.2 Positive curvature (k=+1)
Positive coupling, λ > 0
Here we need to modify the initial conditions for numerical integration, to prevent
the argument of the logarithm in expression 5.8 from becoming negative. With our
choice of initial values a0 = 1 and a˙ = 1, the conditions are:
(φ˙2 − 12) > 0 if φ˙ > 0, (φ˙2 − 12) < 0 if φ˙ < 0. (5.9)
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Figure 5.3. The scalar field (left) and the Hubble parameter (right) as a function of
rescaled time for k = 0, λ = −1, second branch.
The Universe described by the k = 1, λ > 0 solutions exists for a finite amount of
cosmological time, starting and ending with a singularity. The scale factor, shown
in Figure 5.4, reaches rapidly a maximum and then decreases linearly. The scalar
field possesses a finite value both at initial and final time (Figure 5.4).
The solution doesn’t change qualitatively when we tune the value of β.
Figure 5.4. The scale factor (left) and the scalar field (right) as a function of rescaled
time for a singular solution with k = 1, λ = 1, first branch.
Negative coupling, λ < 0
In this case we are not able to find nonsingular solutions: the singular behaviour
of the scale factor is shown in Figure 5.5. The Universe, at first, undergoes a fast
growth and then expands linearly. The scalar field, displayed in Figure 5.5, is always
finite. The Hubble parameter, not shown here, presents an initial singularity and
then asymptotically approaches zero.
The presence of a local maximum for the scale factor, depends on the value of β:
the maximum is absent when β = 1, while it is present when β decreases. After
the peak the Universe recovers a linear expansion, but with a smaller rate than
in the β = 1 case. The scalar field, on the other hand does not seem to depend
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qualitatively on β.
Figure 5.5. The scale factor (left) and the scalar field (right) as a function of rescaled
time for k = 1, λ = −1, first branch.
5.3.3 Negative curvature (k=-1)
We are not going to discuss the solutions of the negative curvature case. This is left
for a future extension of the present work.
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5.4 Stability analysis
5.4.1 Nonsingular solutions
Whichever coupling function we choose, nonsingular solutions in Gauss-Bonnet the-
ory are doomed to be unstable by the argument outlined in Section 3.3.3. This
instability is clearly shown in Figure 5.6 for the flat, nonsingular Universe of the
exponential model, described in Section 5.3.1. No ghost is present, because α is
always positive and tends to +∞ in the infinite past. The propagation of tensor
perturbation is sub-luminal throughout the whole solution, but the square sound
velocity becomes negative and tends to −∞ in the infinite past. The instability co-
incides, thus, with the static-Universe phase, when the scale factor is approximately
constant. When the Universe exits the static phase and expansion takes place, on
the other hand, stability is achieved. In addition, we observe that instability could
hardly be confined to short-wavelengths: for every wavelength, however long, there
will be a moment in the past where the square sound velocity is sufficiently large
to make the mode unstable. Instability could be avoided by setting suitable initial
conditions, premising the existence of a natural cut-off for the frequency. However,
such initial conditions would be hard to justify, because an arbitrary time in the
past, static phase is to be chosen.
Unstable solutions generally possess also a negative friction term (3.27), which en-
hances the instability associated to the negative square sound velocity.
Figure 5.6. The squared sound velocity (left) and the ghost factor (right) as a function of
rescaled time for the nonsingular solution with k = 0, λ = −1.
5.4.2 Singular solutions
Singular solutions can be both stable or unstable, depending on the initial condi-
tions and the value of the parameter β. In Figure 5.7, we display stability obtained
by tuning the β value, for a singular solution of the exponential model in flat back-
ground.
However stable, but singular and not inflationary solution is not of particular inter-
est, and if initial conditions were selected as to give sufficient inflationary expansion,
the solution would be bound to be unstable by the argument in Section 3.3.3.
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Figure 5.7. The squared sound velocity (left) and the ghost factor (right) as a function of
rescaled time for a singular solution with k = 0, λ = −1, second branch.
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Chapter 6
Gauss-Bonnet cosmology with a
massive scalar field
6.1 Action and equations of motion
Since tensor instability invalidates all inflationary or nonsingular solutions in scalar-
Gauss-Bonnet theory, in this Chapter we look for a modification of the theory able
to improve stability.
We slightly modify the action of the original model introducing a potential V (φ),
depending only on the scalar field and not on the metric. The action under study
now is: ∫
d4x
√−g
[1
2R−
1
2∂µφ∂
µφ− V (φ) + f(φ)8 R
2
GB
]
+ Smatter. (6.1)
We study the simple and most natural case, in which the potential is quadratic:
V (φ) = m2 φ2, (6.2)
Throughout this Chapter we will refer to the parameter m > 0 as the mass, even
though this parameter is not what we usually define as the mass of the scalar field.
Indeed, the true potential of the scalar field is Veff = V (φ)− f(φ)8 R2GB and its mass
should be defined as m2eff =
∂2Veff
∂φ2 . However, the parameter m is rightly referred to
as the mass, if the mass is defined at asymptotic distance from a curvature source,
where space-time becomes flat and R2GB → 0.
In low-energy effective string theory, the potential is absent at the tree level. How-
ever the addition of a potential in this context could be justified by non perturbative
effects or supersymmetry breaking. SUSY breaking should take place at a scale
much smaller that Planck scale, so the scalar field should be very light in our units.
Anyway, we will not impose upper limits to the mass on this ground, as we prefer
to consider the theory as independent from its string genesis.
The scalar field equation of the new model can be derived using variational principle
on action (6.1). We obtain the equation:
1√−g∂µ
(√−g∂µφ) = V ′(φ)− f ′(φ)8 R2GB. (6.3)
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When the potential is quadratic, the equation above becomes
1√−g∂µ
(√−g∂µφ) = 2m2φ− f ′(φ)8 R2GB. (6.4)
Einstein equations are modified, too, by the presence of the potential:
Gµν = ∂µφ∂νφ− 12gµν (∂ρφ)
2 −Kµν − gµνV (φ), (6.5)
where Kµν is defined by (3.4). Substituting the explicit form of the potential,
Einstein equations become:
Gµν = ∂µφ∂νφ− 12gµν (∂ρφ)
2 −Kµν − gµνm2φ2 . (6.6)
6.2 Cosmological equations
We focus on a flat, homogeneous and isotropic Universe, using the metric ansatz:
ds2 = −dt2 + a(t)2δijdxidxj . (6.7)
The choice of a spatially flat Universe is justified by the fact that it is favoured
by current cosmological observations [12]; moreover, interesting solutions of the
previous Chapters appeared in this case, i.e. for k = 0.
When no matter (except for the scalar field) and no cosmological constant is present,
equations of motion for the flat FRW Universe read:
φ¨+ 3Hφ˙− 3f ′H2
(
H2 + H˙
)
+ V ′(φ) = 0,
3
(
1 + f˙H
)
H2 = φ˙
2
2 + V (φ),
2
(
1 + f˙H
) (
H2 + H˙
)
+
(
1 + f¨
)
H2 = − φ˙
2
2 + V (φ).
(6.8)
If we define:
ΩGB = f˙H, Ωφ =
1
6
(
φ˙2
H2
+ 2 V
H2
)
, (6.9)
then the constraint equation, namely the second equation in (6.8), can be written
as:
Ωφ + ΩGB = 1. (6.10)
By combining the two dimensional parameters of the theory ([λ] = [l]2 and [m] =
[l]−1) we can construct the dimensionless quantity:
q = m2λ. (6.11)
One can easily see that, if we rescale time as t → t/√|λ|, the system of equations
depend on the quantity q alone. Then we can fix the value of |λ| = 1 and study the
solutions as functions of only one parameter, q or, equivalently, m.
When, as in the previous Chapters, initial conditions are arbitrary we still have a
big number of free parameters (φ0, H0, q, A0). When initial conditions are partly
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fixed by the requirement of an inflationary evolution, the problem truly reduces to a
two-parameter analysis: N0, the number of e-foldings, and q. This is the reason why
we will focus on inflationary solutions in our analysis of the model. Moreover, it is
physically interesting to study whether inflationary solutions of GB theory become
stable in the presence of a mass term.
6.3 Strong Energy Conditions and nonsingular solu-
tions
The Strong Energy conditions for a flat Universe become, with the addition of a
potential to the theory:
ρ+ p = 2HA
C
,
ρ+ 3p =
12Hφ˙
[
6H3φ˙
(
φ˙2f ′′ + 4
)
+ 6H2V ′ − 12HV φ˙− V ′
(
2V + φ˙2
)]
C
.
(6.12)
where
C =− 12H2
(
2V + φ˙2
)
+ 36H4 + 12V φ˙2 + 4V 2 + 5φ˙4,
A = + 12H3
(
φ˙4f ′′ − 2V + 3φ˙2
)
+ 12H2φ˙V ′+
+H
(
−12V φ˙2 + 4V 2 + 5φ˙4
)
+ 36H5 − 2φ˙V ′
(
2V + φ˙2
)
.
An alternative way to address the problem is to define again the quantity Γ. Inter-
estingly, by using background equations (6.8) we find that it doesn’t depend on the
potential V :
Γ = p
ρ
+ 1 = −23
H˙
H2
. (6.13)
Then, whether the scalar field has a potential or not, violation of Strong Energy
conditions requires Γ < 2/3.
Although necessary conditions for nonsingular solutions could be easily fulfilled
when we add a potential to the basic theory, their appearance is not guaranteed.
Alexeyev, Toporensky and Ustiansky, in [60], claim that nonsingular asymptotics
are generally destroyed by the presence of a potential. In the case of a quadratic
coupling function f , for example, they argue that the potential should be not steeper
than φ2, and that the mass of has an upper limit. However their analysis is based
on approximated asymptotics, obtained discarding first order curvature terms. In
Section 4.5.2 we showed how this approximation can lead to misleading conclusions
and can not be trusted a priori. Since, as we will later discuss, we do not find
nonsingular solutions, our numerical results support their more general statement:
“nonsingular solutions present in the string gravity with V = 0 disappear in most
cases when the potential is taken into account".
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6.4 Tensor perturbations
The sound velocity of tensor modes retains the same expression (3.28) once the
addition of a potential is made. The propagation speed of tensor perturbations
depends on the potential only implicitly, i.e. through background solution, which
is different when V = 0 or V 6= 0. Thus, using the background equations (6.8), the
conditions for stable and ghost-free perturbations need to be generalized into:
α = Hφ˙f ′(φ) + 1 > 0,
1
8 (3Γ− 5)α+
V (φ)
4H2 > 0.
(6.14)
With our choice for the potential, the stability condition becomes:
1
8 (3Γ− 5)α+
m2φ2
8H2 > 0. (6.15)
Nonsingular solutions, then, if they existed, would be allowed to be stable, at least
for a suitable choice of the parameter m. We see that, even if Γ < 5/3, the stability
condition can be fulfilled for sufficiently large values of m.
The same can be said for inflationary solutions: expressing the stability condition
in terms of the slow-roll parameter H :
1
8 (2H − 5)α+
V (φ)
4H2 > 0, (6.16)
we easily see that the requirement for de Sitter-like expansion, i.e.   1, is com-
patible with stability.
6.5 Slow-roll inflation
In this Section we study slow-roll inflation in Gauss-Bonnet gravity. Well-known
slow-roll conditions for a minimally coupled inflaton, discussed in Section 1.6.4, are
φ˙2  V and |φ¨|  3H|φ˙|, or H , ηH  1. In the presence of a Gauss-Bonnet
non minimal coupling, in order obtain sufficient accelerated expansion, we need to
impose the additional conditions [68, 70]:
|f˙ |H3  V, |f¨ |  |f˙ |H. (6.17)
Under the above approximations, the equations of motion for a(t), φ(t) turn out to
be: 
H2 ' V3
φ˙ ' H3f ′ − V
′
3H
(6.18)
We will use these approximated equations to find the initial conditions for inflation.
We also define a hierarchy of Hubble flow parameters:
1 = − H˙
H2
, i+1 =
d ln |i|
dN
, i ≥ 1. (6.19)
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Hubble flow parameters can be related to the standard slow roll parameters H and
ηH defined in Section 1.6.4; for example, 1 = H . To account for the new degrees
of freedom introduced by the Gauss-Bonnet coupling, Guo and Schwarz [68] also
define an additional hierarchy of flow parameters:
δ1 = −f˙H, δi+1 = d ln |δi|
dN
, i ≥ 1. (6.20)
Then the slow roll condition in Gauss-Bonnet inflation can be comprehensively
expressed as:
|i|  1 and |δi|  1. (6.21)
The behaviour, in an example of inflationary solution1, of the first four flow pa-
rameters is displayed in Figure 6.1. We see that the four parameters are in good
agreement with conditions (6.21) up until the end of inflation (N ' 60).
Figure 6.1. Slow roll parameters as functions of the number of e-foldings in an inflationary
solution for the quadratic coupling with q = −10−5 and N0 = 60.
Flow parameters can also be expressed in terms of the potential and the Gauss-
Bonnet coupling, through the field equations of the theory:
1 =
QV ′
2V ,
δ1 =
1
3QV f
′,
2 = −Q
(
Q′
Q
− V
′
V
+ V
′′
V ′
)
,
δ2 = −Q
(
f ′′
f ′
+ Q
′
Q
+ V
′
V
)
,
(6.22)
1Later in this Section we explain how inflationary solutions are obtained.
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where
Q = V
′
V
− 13V f
′. (6.23)
The  parameters defined above are equivalent to the potential slow roll parameters
of Eq. (1.73) when f = 0.
We are now ready to set the suitable initial conditions for an inflating solution,
generalizing to Gauss-Bonnet gravity the conditions of Eq.s (1.74), (1.75). Using a
standard procedure [66, 68, 70], we denote the values of the inflaton at the beginning
and end of inflation as φi, φf , and require:
1|φf =
2
φ2f
≡ 1,
N = ln
(
af
ai
)
≡ N0.
(6.24)
We choose to use the flow parameter 1 to define the end of the inflationary phase.
This choice gives a simple condition and is in good agreement with the behaviour of
the flow parameters shown in Figure 6.1. However, our procedure could be improved
by replacing the first condition in (6.24) with: max{|i|, |δi|} ≡ 1.
The number of e-foldings, N , can be expressed as a function of the initial value of
the inflaton, using slow-roll equations (6.18):
N =
∫ af
ai
da
a
=
∫ tf
ti
Hdt =
∫ φf
φi
H
φ˙
dφ =
∫ φf
φi
3H2
3H4f ′ − V ′dφ =
=
∫ φf
φi
V
V 2f ′/3− V ′dφ.
(6.25)
To sum up, initial conditions for an inflationary solution in Gauss-Bonnet theory
are:
a0 = 1, φ˙0 = 0, H0 = +
√
V (φi)
3 , (6.26)
where φf is defined by
2
φ2f
≡ 1, and φi can be extracted from:
∫ φf
φi
V
V 2f ′/3− V ′dφ ≡ N0. (6.27)
In some cases, the integral above can be solve analytically and, therefore, the value
of φi is known exactly. In the other cases φi is computed numerically.
The outlined procedure allows to find viable inflationary solutions for both cou-
pling functions, as well as both signs of the coupling parameter λ. We will not need
to distinguish between the two branches of solutions as in the previous Chapters,
because inflationary initial conditions will automatically pick up one, according to
the values of the parameters.
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6.5.1 Phenomenological predictions
We now study the phenomenological implications of an inflationary solution in
Gauss-Bonnet gravity. Studying the effects of a Gauss-Bonnet inflation on the
large scale structure of the Universe will allow, through the comparison with exper-
imental data, to constraint the model and its parameters.
We focus on scalar and tensor perturbations, deriving their power spectra at lin-
ear order in perturbation theory. We follow the steps described in Sections 1.6.5,
1.6.6 for General Relativity, summarizing the theoretical results of papers [65, 67–
70, 74, 75].
We first recall the definition of the Fourier modes of curvature R and tensor hij
perturbations:
R(τ, ~x) = 1
zR
∫
d3k
(2pi)3/2
vR(τ,~k)ei
~k·~x,
hij(τ, ~x) =
2
zT
∑
λ
∫
d3k
(2pi)3/2
vλT (τ,~k)λijei
~k·~x,
(6.28)
where τ is the conformal time, introduced in Eq. (1.10), ij are polarization ten-
sors.The linearized classical evolution of these Fourier modes can be derived by
inserting the perturbed metric into Eq.s (6.8) or perturbing action (6.1) to second
order. Curvature modes are found to satisfy:
v′′R +
(
c2Rk
2 − z
′′
R
zR
)
vR = 0, (6.29)
where a prime denotes differentiation with respect to conformal time, and zR and
cR are given by:
z2R =
a2
(
φ˙2 − 3/2∆f˙H3
)
H2 (1− 1/2∆)2 ,
c2R = 1−
2∆f˙HH˙ + 1/2∆2H2(f¨ − f˙H)
φ˙2 − 3/2∆f˙H3 ,
(6.30)
with ∆ = −f˙H
α
.
The Fourier modes of tensor perturbations satisfy a similar equation:
v′′T +
(
c2Tk
2 − z
′′
T
zT
)
vT = 0, (6.31)
where
z2T = a2α,
c2T = c2s =
1 + f¨
α
.
(6.32)
Both tensor and curvature modes satisfy wave equations with an effective frequency
shift c and and effective mass z′′z , and are coupled to the scalar field. Both the
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frequency shift and the effective mass differ from the General Relativity case; see
for example Eq. (1.92), for scalar modes.
In order to solve (6.29), (6.31), one shall assume that slow-roll parameters are time
independent during inflation. This assumption is not completely satisfactory (see
Fig. 6.1), but is the only one known to provide an analytical solution.
The power spectrum of large scale perturbations can be calculated as the Fourier
transform of the two-point correlation function of the quantum operators associated
to the perturbed variables, in the spirit of inflation. All perturbations of interest
cross the horizon soon after φ = φi, so we assume ck  aH. Using these approxi-
mations, one can write down the spectral indices of scalar and tensor perturbations
and the tensor-to-scalar ratio, to lowest order in the slow-roll parameters:
ns − 1 = d lnPR
d ln k ' −
212 − δ1δ2
21 − δ1 − 21;
nT =
d lnPT
d ln k ' −21;
r = d lnPT
d lnPR ' 8 |21 − δ1| .
(6.33)
When slow-roll inflation is implemented in GR, i.e. when f = 0, the tensor spectral
index and the tensor-to-scalar ratio are not independent quantities, but are related
by r = −nT /2 (see Section 1.6.5). This so-called consistency relation is evidently
broken when the Gauss-Bonnet correction is taken into account. We see then that
the experimental check of the consistency relation could be an important test for
slow-roll inflation in modified gravity theories. Moreover, the loss of degeneracy
must be taken into account when analysing CMB data, as one should let nT vary
independently of the tensor-to-scalar ratio. It has been verified that relaxing the
consistency relation can lead to slightly different bounds on ns and r from CMB
data [67].
6.6 Numerical inflationary solutions
Slow-roll inflation with a quadratic potential and an exponential coupling has been
studied in [67], with the additional parameter β, mainly comparing predictions on
nR and r with PLANCK data. The case of quadratic potential and coupling is
taken into account in [70] and, more recently, in [66].
Our numerical results are reviewed in the following sections. A standard constraint
on inflationary solutions is N0 & 50, required to solve the horizon and flatness
problems of standard cosmology.
A general result is the absence of nonsingular, inflationary solutions, whether the
coupling is quadratic or exponential, positive or negative. Although we have checked
this statement numerically only in the explored range of q, we expect such behaviour
to be valid in general.
6.6.1 Quadratic coupling
With a quadratic coupling, inflationary acceptable solutions (N0 & 50) are achiev-
able only if |q| . qmax. To understand why, we explicitly write the slow-roll condi-
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tion (6.27). We find φf = ±
√
2, while φi is implicitly given by:
F (φi) =
√
3
10 tan−1
(
b mφ2i
)
4m −
√
3
10 tan−1(φ2fb m)
4m =
=
√
3
10 tan−1
(
b mφ2i
)
4m −
√
3
10 tan−1(2b m)
4m = N0,
(6.34)
with b =
√
10/3 and δ = ±1, the sign of φf , φi turning out to be irrelevant.
Numerically solving the equation above for m approaching its maximum value, we
discover that φi grows. Than mmax will be reached for φi → ∞, and we can
substitute the asymptotic limit:
tan−1
(
b m φ2i
)
= pi2 +O
(
1
φ2i
)
(6.35)
Moreover, expecting mmax to be small, we further approximate:
tan−1 (2b m) ' 2b m+O
(
m3
)
(6.36)
Under the approximations above, we can finally analytically solve (6.34), finding:
mmax '
√
30 pi
80 N0 + 40
. (6.37)
For N0 = 60, we get mmax ' 3.6 × 10−3, while for N0 = 70 we find mmax '
3.1× 10−3. A numerical study gives a more precise bound: for N0 = 60, the value
we actually choose for our stability analysis, we find mmax ' 1 × 10−2, while for
N0 = 70 we find mmax ' 7× 10−3. If we refer to the parameter q, then:
|q|max ' 10−4 when N0 = 60, |q|max ' 5× 10−5 when N0 = 70. (6.38)
Representative plots are shown in Figure 6.2. Similar constraints are found in [70].
In Figure 6.3 we show two typical inflationary solutions, for positive and negative
coupling, found imposing the initial conditions (6.26) and (6.27), with N0 = 60.
Our results coincide with the ones recently found in [66]. The scalar field decreases
monotonically and then oscillates at frequency ω '
√
2m2 around φ = 0. The scale
factor reaches the desired number of e-foldings around t ' 20/m and then exits the
inflationary phase.
6.6.2 Exponential coupling
For the exponential coupling, too, suitable inflationary conditions can be found
only if |q| . qmax. Unlike the previous case, however, we are not able to prove
it analytically, because the indefinite integral in (6.27) is unknown. Numerical,
approximated conditions are:
|q|max ' 6 (N0 = 60), |q|max ' 4 (N0 = 70). (6.39)
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Figure 6.2. Graphic representation of equation 6.34. Intersection with F (φi) = N0 = 60
is found for |q| = 10−4, while no intersection can be found for |q| = 1.3. We also
see that, for growing |q|, intersection moves to bigger values of φi, thus justifying our
approximation (6.35).
Figure 6.3. The number of e-foldings (left) and the scalar field (right) as a function of
rescaled time in an inflationary solution with q = ∓10−5 and N0 = 60.
Whether the coupling λ is positive or negative, inflationary solutions possess
an initial singularity, though they approach it quite differently (see the comparison
in Figure 6.4). The range 10−9 < |q| < qmax was explored for both N0 = 60 and
N0 = 70, but nonsingular solutions could not be found.
The number of e-foldings and the scalar field through the inflationary phase,
t > 0, are displayed in Figure 6.5 for different signs of q and different values of
the parameter N0. As in the quadratic case, the scalar field exhibits a monotonic
stage, and then shows damped oscillations with frequency determined by the mass,
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ω '
√
2m2.
Figure 6.4. The scale factor near the singularity, for exponential coupling with q = −1
and N0 = 60 (left) or q = 1 and N0 = 70 (right). The plots show the evolution of the
scale factor before the inflationary expansion takes place (N<0).
Figure 6.5. The number of e-foldings (left) and the scalar field (right) as a function
of rescaled time in an inflationary solution for quadratic coupling with q = ∓1 and
N0 = 60, 70.
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6.7 Stability of inflationary solutions
We complete our study of Gauss-Bonnet gravity with a massive scalar by analyzing
stability of tensor perturbations on inflationary background, in first order pertur-
bation theory. Stability of inflationary solutions in Gauss-Bonnet cosmology with a
potential was also studied by Leith and Neupane in [71], but considering different
coupling functions and/or different potentials, and constructing analytical approx-
imated solutions rather than performing an exact numerical analysis, as we did.
Results are summarized in Table 6.1 and described in detail in the following Sections.
Coupling N0 λ Stable
φ2
70 -1 q & 10
−5
+1 @ q
60 -1 q & 10
−5
+1 @ q
eφ 60 -1 @ q+1 ∀ q
Table 6.1. Numerical stability analysis for inflationary solutions, referred to the range of
q 6= 0 explored.
Solutions marked as unstable exhibit instability at early times, before inflation-
ary expansion takes place, and are completely stable and non-superluminal during
inflation. Such an instability would generally be discarded rather carelessly, claim-
ing it takes place in an epoch where quantum gravity effects dominate. However,
Gauss-Bonnet theory should at least partly take into account such effects, if we in-
terpret it as an effective string theory model, and its predictions should be trusted
up to a scale very close to the Planck scale. Thus, the issue of pre-inflationary insta-
bility requires, in this case, some attention. It is possible that some solutions, here
marked as unstable, are in fact stable in the region of time where Gauss-Bonnet
theory is valid. This solution could be phenomenologically viable in their region
of validity. On the other hand, solutions that become unstable immediately before
inflation takes place are, in our opinion, to be rejected. We wish to further address
this issue in a future work.
All the solutions encountered possess a stage of superluminal propagation at early
times. As anticipated in Section 3.3.3, we will not reject solutions on this basis, and
we plan to address this issue in the future as well.
In the following sections we report results for N0 = 60 mainly, because the
number of e-foldings does not affect stability significantly (compare, for example,
Figures 6.6). Our analysis only allowed to explore a finite range of qs.
During our analysis, we always calculate the quantity α. However, we find it to be
positive for every solution: this means that no ghosts are ever present. We show
here one plot only (Figure 6.9) as α does not change its behaviour significantly with
the coupling or the value of q. The other quantity playing a role in the stability of
the solution, the friction term, is found to be always positive, whenever the square
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sound velocity is positive as well.
6.7.1 Quadratic coupling
We study the stability of inflationary scenarios within the range of values, for N0 =
60 (or N0 = 70):
10−9 < |q| < 1.2× 10−4 (5× 10−5). (6.40)
Tensor perturbations of inflationary solutions with both negative quadratic cou-
pling appear to be unstable and superluminal near the singularity (Figure 6.6) as far
as |q| . 10−5. In Figure 6.7 we also display the complete evolution of the squared
sound velocity for a stable, inflationary solution, showing that it does not become
negative during inflation. When the coupling is positive, conversely, we couldn’t
find stable solutions within the allowed range of q (Figure 6.8).
For the negative coupling, we also show the terms associated with the Gauss-Bonnet
invariant appearing in equations 6.8, 3.10. Both Hf˙ and f¨ are order one near the
singularity and during the unstable evolution (figure 6.10). This means, on the
one hand, that we can safely ascribe the instability to the Gauss-Bonnet modifi-
cation. On the other hand, we don’t expect higher order terms arising in effective
string-theory to be relevant here: they shouldn’t be able to significantly improve
inflationary solution’s stability.
Figure 6.6. The squared sound velocity of tensor perturbations as a function of the number
of e-foldings in inflationary solutions with q < 0 and N0 = 60 (left) or N0 = 70 (right).
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Figure 6.7. Complete evolution of the squared sound velocity of tensor perturbations as
a function of the number of e-foldings in an inflationary solution with q = −10−4 and
N0 = 60.
Figure 6.8. The squared sound velocity of tensor perturbations as a function of the number
of e-foldings in inflationary solutions with q > 0 and N0 = 60.
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Figure 6.9. The ghost factor α as a function of the number of e-foldings in inflationary
solutions with q < 0 and N0 = 70.
Figure 6.10. The Hf˙ (left) and f¨ (right) terms as functions of the number of e-foldings
for inflationary solutions with q < 0 and N0 = 70.
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6.7.2 Exponential coupling
Negative coupling, q < 0
Inflationary solutions, found with an exponential coupling when q < 0, have been
described in detail in section 6.6.2. We recognize in them some sort of “singular-
ity avoidance" (even though the solution eventually becomes singular), an abrupt
change in the scale factor evolution, occurring at different time and e-foldings num-
ber (N = Ni) according to the value of q. This point is peculiar for the solution’s
stability. In Figure 6.11 we see that sound velocity of tensor perturbations is al-
ways negative at that point. Going back in time, c2s reaches a negative minimum
and then becomes bigger that one, signalling super-luminal propagation. Even for
q approaching its maximum value the solution is unstable. As one could expect,
instability always resurfaces near the singularity, although this is not shown in our
plots.
No stable, inflationary solution is found in the case under study within the range
10−7 ≤ |q| < 6.
Figure 6.11. The squared sound velocity of tensor perturbations as a function of number
of efolding from singularity avoidance (N − Ni) in inflationary, nonsingular solutions
with q < 0 and N0 = 60.
Positive coupling, q > 0
Inflationary solutions with an exponential, positive coupling are found to be unstable
and superluminal for every value of q in the considered range, 10−5 ≤ |q| < 6.8.
As Figure 6.12 shows, the instability emerges very early in time, i.e. near the
singularity; solutions are stable, instead, both during inflation and immediately
before it. Solutions with N0 = 70, not reported here, behave in a similar way.
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Figure 6.12. The squared sound velocity of tensor perturbations as a function of number
of efolding in inflationary solutions with q > 0 and N0 = 60. Inflationary expansion
starts at N −Ni = 0, and the plot terminates approximately at the singularity.
6.8 Numerical results for primordial perturbations
In this Section we compare our numerical predictions for the values of ns and r with
the constraints based on the full temperature and polarization data of the Planck
mission, released in February 2015 [13]. We use Planck results obtained both from
temperature power spectrum (TT), and from temperature power spectrum joined
with temperature-polarization cross spectrum (TE), and polarization power spec-
trum (EE). In both cases the low-multipole polarization power spectrum (LowP) is
also taken into account. The Planck mission finds for the scalar spectral index a
remarking departure from exact scale invariance (ns < 1):
ns = 0.9666± 0.0062(68%CL) TT+LowP, (6.41)
ns = 0.9652± 0.0047(68%CL) TT,TE,EE,+LowP. (6.42)
There is no evidence for inflationary produced tensor modes, since constraints on
the tensor-to-scalar ratio are:
r < 0.106(95%CL) TT,+LowP, r < 0.109(95%CL) TT,TE,EE,+LowP. (6.43)
In both cases the parameters obtained with TT, TE, EE + LowP and with TT +
LowP are consistent with each other.
As already stressed in Section 6.5.1, GB inflation predicts the breakdown of the
consistency relation between r and nT . The constraints provided by the Planck
mission, instead, make use of this consistency relation. Planck’s constraints on GB
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inflation could be improved by discarding the consistency relation, although this is
left to a future extension of the present work.
Our predictions are based on the numerical inflationary solutions described in
Section 6.6 and on the approximated expressions for ns and r (6.33). As always
when dealing with inflationary solutions, once N0 is fixed, only a limited range of
q is phenomenologically viable (see Section 6.6). The q = 0 case is also considered.
This is obtained by setting λ = 0, i.e. switching off the Gauss-Bonnet non minimal
coupling. We are then left with a simple chaotic inflation model, for which the
values of ns and r (1.107) are well known.
6.8.1 Quadratic coupling
We first address the quadratic coupling function case, and estimate ns and r for
different values and signs of the parameter q, and with N0 = 60âĹŠ70. These in-
flationary parameters were already calculated in [70] and compare with PLANCK
and BICEP2 2014 data. Their analysis is similar to ours, and results for ns and
r are consistent. However, the constraints they refer to are plagued by an incor-
rect estimation of dust contribution to polarization. Their conclusions cannot be
considered valid, in light of the latest cosmological data. More recently, in [66] the
model is revisited in light of Planck 2013 constraints.
Our results, together with Planck’s constraints, are shown in Figure 6.13. Fixing the
number of e-foldings, both ns and r are enhanced when q is negative and suppressed
for positive q. When N0 = 60, our predictions all lie outside the 68% and 95% CL
regions. Conversely, increasing the number of e-foldings brings q > 0 predictions
inside the 95% CL region. We may say that, within the framework of quadratic
coupling scalar-GB theory, parameter region N0 ' 70 and q & 0 is excellently con-
sistent with Planck 2015 constraints. All cosmological solutions associated to the
favoured range of q are unstable during the pre-inflationary stage and stable as in-
flation takes place, as discussed in Section 6.7. However, neither N0 < 70 nor q < 0
are completely ruled out.
6.8.2 Exponential coupling
Inflationary parameters for the exponential case were first calculated in [67]. How-
ever, their analysis and ours are slightly different, e.g. in the way the parameters to
fix and the ones to tune are selected. The referred research also dates back to 2013
and compares GB predictions with Planck+WP2 2013 constraints, while we make
use of the latest Planck update.
Figure 6.14 displays, along with Planck’s constraints, our ns and r values for the
exponential coupling case. We fix the total number of e-foldings to 60, and let the
coupling q take both signs.
When the GB coupling function has an exponential form, we find for ns and r a
different dependence upon the sign of q, if compared to the quadratic coupling case.
When the coupling becomes more and more negative, the tensor-to-scalar ratio is
enhanced, while the scalar spectral index decreases. Vice versa, when the coupling
is positive r is suppressed and ns becomes slightly bigger than the reference value
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Figure 6.13. Predicted values of ns and r in quadratic coupling GB inflation with different
values of q and N0, together with Planck 68 % and 95% CL results.
associated to q = 0. Our results all lie outside r’s 95% CL region, though N0 = 70
results, having a smaller tensor-to-scalar ratio, lie closer to it. We may conclude
that 2015 Planck data favour, for exponentially coupled GB gravity, N0 > 60 and
q & 0. Interestingly, the preferred sign of the coupling (q & 0) also guarantees that
solutions are stable immediately before inflation (see Section 6.7.2).
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Figure 6.14. Predicted values of ns and r in exponential coupling GB inflation with
different values of q and N0, together with Planck 68 % and 95% CL results.
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Chapter 7
Conclusion
Throughout this work we studied how scalar-Gauss-Bonnet gravity behaves at early
cosmological times. Our aim was to convey a picture of early GB cosmology through
new numerical solutions, as well as through a deeper understanding and a critical
analysis of new and old findings in the field. By addressing both non singular,
bouncing and inflationary solutions in several models, our study wishes to be com-
prehensive and detailed, at the same time.
After re-deriving the well known cosmological solutions of the quadratic coupling
model of GB gravity, we addressed the recently proposed pure Gauss-Bonnet ap-
proximation [54, 55]. We discovered that, despite pure GB being an interesting and
handy theory, it cannot be considered as a good approximation of the complete
model, at least in the quadratic coupling case. Our comparison between pure and
complete GB solutions shows that they do not even share features as fundamental
as the initial singularity. We related this to the failed fulfilment of the hypothesis
on which the approximation relies. We found that analytical solutions of pure GB
equations are not completely satisfying as early time approximations of the com-
plete theory.
Wishing to complete the landscape of non singular solutions in GB cosmology, we
also studied the previously overlooked case of an exponential coupling. As theoret-
ical arguments suggested, new non singular solutions could be numerically found.
As expected, again on theoretical grounds, solutions revealed an instability in the
tensor sector, and are therefore to be rejected on phenomenological grounds.
Both the quadratic and the exponential GB models can easily account for inflation,
once a simple mass term for the scalar field is introduced. Our effort was devoted
to the exploration of the inflationary parameter space: we found limits for inflation-
ary solutions and for their early-time stability. The new instabilities found in this
thesis pose a new problem, as they could prevent the model from being a success-
ful candidate for inflation: they demand caution and deserve closer examination.
Phenomenologically relevant predictions of GB inflation were studied as well, as we
estimated the scalar spectral index and tensor-to-scalar ratio. These predictions
were commented upon in light of the stability analysis and the most up-to-date
Planck constraints.
As a final remark, we stress that results obtained in the Planckian region must be
treated as only preliminary directions on effects to be later verified by quantum
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gravity calculations. At the same time, most of our results, such as the nonsingular
and/or bouncing solutions, can be regarded as completely classical. First of all,
because Gauss-Bonnet gravity is a legitimate classical alternative to GR. Secondly,
the time scale and curvature at which the singularity is avoided is determined by
the value of the coupling parameter |λ|: a sufficiently large coupling can guarantee
a completely classical evolution.
We believe that the interesting properties of GB gravity, which clearly emerge in
this work, make devoting it further study worth the effort. On the one side, insta-
bilities on spatially curved background deserve a separate treatment, still missing.
In addition, the reliability of some of our predictions can be further improved: one
could, for instance, take into account the time dependence of inflationary param-
eters, and compare the running of spectral indexes in GB inflation with the new
cosmological constraints.
By reading this thesis one can get a taste of how challenging violating the Strong
Energy conditions in a healthy manner can be. Although we unsuccessfully looked
for stable non singular solutions, allowed for by the scalar potential, hope is not lost
that such a result can some day be achieved. Inspiration can be drawn from the re-
cent work of Ijjas and Steinhardt [77], who obtained stable cosmological bounces in
Galileon gravity with a reverse-engineering technique. Application of their method
to GB cosmology could possibly lead to a similar outcome.
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Appendix A
Numerical methods
In this Appendix we describe the Mathematica built-in methods for numerical in-
tegration [76], implemented throughout this thesis to solve GB equations.
A.1 Explicit modified Midpoint
When solving the first order, ordinary differential equation and initial value problem:{
y′(t) = f(t, y(t)),
y(t0) = y0,
(A.1)
each step of the explicit midpoint method is given by:
yn+1 = yn + h f
(
tn +
h
2 , yn +
h
2 f(tn, yn)
)
+O(h3). (A.2)
Here n = 0, 1, 2..., while h is the step size (tn = tn−1+h = ... = t0+nh). The global
error of the method is O(h2) (globally second order method). In the modified
explicit midpoint method, stability is improved by the use of Gragg’s smoothing
step, which redefines:
Syn =
1
4(yn−1 + 2yn + yn+1). (A.3)
A.2 Linearly implicit Euler
The implicit Euler method approximates the solution of problem (A.1) using:
yn+1 = yn + hf(tn+1, yn+1) +O(h2). (A.4)
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Appendix B
Numeric solutions, plots
B.1 Quadratic coupling, V = 0
Here we show some numerical solutions (for the scale factor and the scalar field)
of the Guass-Bonnet cosmological equations with a quadratic coupling function, in
addition to the more interesting solutions described in Section 4.4. In Figures B.1,
B.2 we display the two branches of singular solutions found with positive coupling
and flat space-time. We also display the singular branch of the negative coupling
solution with k = 0, Figure B.3. For the positive curvature case, we show (Figure
B.4) the singular branch of the negative coupling solution.
Figure B.1. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 0, λ = 1, first branch.
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Figure B.2. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 0, λ = 1, second branch.
Figure B.3. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the solution with k = 0, λ = −1, singular branch.
Figure B.4. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 1, λ = −1, second branch.
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B.2 Exponential coupling, V = 0
Here we display some numerical solutions of the exponential coupling case, dis-
cussed with more detail in Section 5.3. The singular solutions shown in Figures
B.5, B.6, are obtain with flat space-time, and with positive and negative coupling
respectively. In Figure B.7 we show a positive curvature, negative coupling singular
solution.
Figure B.5. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 0, λ = 1, second branch.
Figure B.6. The scale factor (left) and the scalar field (right) as a function of rescaled
time for the singular solution with k = 0, λ = −1, first branch.
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Figure B.7. The scale factor (left) and the scalar field (right) as a function of rescaled
time for k = −1, λ = 1, first branch.
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